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Abstract. The quality control of mechanical parts is generally performed on a coordinate measuring machine
(CMM). The choice of the number of points to be sampled, their distributions and their positions on the surface,
as well as the association criterion remains unresolved. This paper studies the variation of the ﬂatness defect with
regard to the number of palpated points. The methodology begins by sampling a cloud of points on a CMM.
Then, a modal analysis study is carried out in order to generate a modal surfaces (digitally deformed). Insertion
of the coordinate cloud points of these modal surfaces in the GEOVERIF software will allow estimation of the
ﬂatness defect. The results of the measured ﬂatness by the three ﬁtting criteria (minimum zone, least squares and
minimum volume) are compared.
Keywords: CMM / form defect / ﬁtting criterion / probing / ﬂatness

1 Introduction
The measurement accuracy of the ﬂatness defect carried
out using the coordinate measuring machine (CMM)
depends not only on their technical characteristics but also
on the strategy used for selecting the number, the location
of the points on the surface and the used ﬁtting criterion.
The choice of these parameters is left to the initiative of the
operator, and the value taken by these parameters has a
great inﬂuence on the results found.
In the scientiﬁc literature, there are many studies that
have treated this domain of research. For example, Bourdet
[1] proposed a method based on the assumption of small
displacement torsors to estimate the gap of ﬂatness, and
Kanada and Suzuki [2] developed an optimization method
based on nonlinear techniques for the evaluation of the
minimum ﬂatness area. Radouani and Anselmetti [3]
proposed methods for identifying geometric surfaces based
on a solver without the hypothesis of small displacements.
Weber et al. [4] introduced a uniﬁed linear approximation
technique for use in evaluating the forms of straightness,
ﬂatness, circularity and cylindricity. Nonlinear equation
for each form is linearized using Taylor expansion, then
solved as a linear program using software written in C++
language. Huang [5] developed a method to show that
straightness and ﬂatness errors can be obtained without
the construction of the whole convex hull. Samuel and
Shunmugam [6] presented techniques for evaluating
circularity and sphericity errors from CMM data. They
* Corresponding author: moulai_khatir@yahoo.fr

evaluated the form errors directly from CMM data by
employing circle/sphere as assessment features and using
normal deviations. Gapinski et al. [7] studied the inﬂuence
of the measuring points number and the type of the
roundness deviation on the result (since different ﬁtting
elements are used). They gave a recommendation on the
measuring points number. Jalid et al. [8] proposed a new
method to estimate the form error and the associated
uncertainty, which is caused by the measuring process, and
analysed the effect of sample size to evaluate the optimum
value, which meets the requirement of measurement
uncertainty. The majority of the studies were presented
by the effect of only one ﬁtting criterion (least squares
(LS)) of the ﬂatness defect assessment. They did not
propose a clear solution on the number and distribution of
points to be palpated for the ﬂatness measurement.
In this paper, we propose to study the variation of the
ﬂatness defect with regard to the number of probed points
and their distribution on the surface. In addition, a
comparison is made between the ﬂatness results estimated
by the three association criteria (minimum zone (MZ),
least squares and minimum volume). A recommendation
on the measuring points number and the criterion to be
used will be given.

2 Criteria for ﬁtting a perfect mathematical
surface to a cloud of points
Minimum zone is the standard criterion that is used for
evaluating the form defect of a surface; it is also known as
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Fig. 1. Substitute feature (MZ) [11].

the Chebyshev criterion. Indeed, for the same distribution
of sampled points, this criterion leads to the smallest value,
as compared to the other ﬁtting criteria. Nevertheless, this
is not the criterion used by default by the software that
suggests at least two others:
– the LS criterion;
– the outer or inner matter shell criterion.
With the least squares method, a uniform distribution
of points over the entire surface is required [9]. The LS
criterion leads to a surface ﬁtted in the “middle” of the
sampled points, which means that the points are on the
outer side of the matter with respect to the adjusted surface
and the others are inside. Some software suggests the
option of shifting this adjusted surface to the outermost
point, but this action does not change the measured form
defect.
The outer or inner matter shell criterion is essentially
proposed for palpated circles and cylinders. In this case, it
is a matter of maximizing or minimizing the diameter of the
circle or the cylinder under the condition that the adjusted
surface is on the outside or inside of the matter. This
criterion is normalized in order to take the centre of a circle,
the axis of a cylinder, or the centre of a sphere as reference.
Regarding the plane, some software packages propose
ﬁtting algorithms capable of giving planes adjusted on the
external side of matter with respect to the points, so that
these planes can again be used as a reference, because as
everyone knows, the MZ criterion may lead to ﬁttings that
are not representative of the actual surface, as it was
illustrated by Pairel [11] on a “ski-shaped” surface, as shown
in Figure 1.
Requicha [10] proposed the criterion of the minimum
sum of deviations under the condition that the surface is
outside the points with respect to matter, and these
deviations all have the same sign. Pairel showed that when
the area surrounding each point is taken into account, the
aforementioned criterion amounts to minimizing the
volume between the adjusted surface and the real surface.
He generalized the matter outer shell criterion to any
surface. This is the reason he called it the minimum volume
(Sei) criterion.
The experimental software, GEOVERIF [11–14], which
Pairel developed jointly with a computer scientist from the
SYMME Laboratory, may implement the above-mentioned criterion as well as the other two criteria, namely,
the MZ criterion and the LS criterion.
Once adjusted, the surface that minimizes the form
defect rests only on the outermost and innermost points.
The question of stability of this criterion arises, a priori,

Fig. 2. The ﬁve deﬁnitions used.

with regard to the distribution of points on the surface. In
fact, it is enough to eliminate one of these points of the
adjusted surface so that it tilts, possibly strongly, toward
the other points of support. This problem seems to be less
critical for the other two criteria, i.e., the LS criterion and
the Sei criterion, which take into account all the sampled
points. They are, a priori, more stable with respect to the
distribution of points, even if the minimum sum leads to a
surface that rests on the outermost point(s) (but not on the
innermost points).
This stability of ﬁtting is therefore studied with respect
to the number of points of support for these three criteria
and on various numerically distorted planes.

3 Distribution of sampled points
We propose to characterize the distribution of points on the
surface not only by using a certain number of points but
also by a deﬁnition in number of pixels (meshes), just like a
digital image, which implies a uniform distribution of
points on the surface. Therefore, a deﬁnition of 1  1
suggests a single “pixel” delimited by four points at the
vertices of a rectangle or a square, depending on the shape
of the contour of the scanned surface. Thus, the stability of
the ﬁtting criteria was tested on the following ﬁve
deﬁnitions, namely, 1  1, 2  2, 4  4, 8  8 and 16  16
(Fig. 2).
The concept of deﬁnition, used in this paper for
rectangular pixels, could be extended to other patterns.
This still remains to be studied further.
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Fig. 3. Methodology for estimating ﬂatness defects according to the number of points.

Fig. 4. Evolution of ﬂatness defect measured according to the three criteria for mode 4. (a) Mode 4 (saddle of diagonal horse).
(b) Variation of the measured ﬂatness defect according to the three criteria.

Figure 3 presents the methodology for estimating
ﬂatness defects, followed to conduct this study.
The method begins by sampling a cloud of points, which
vary from 4 to 289 points on a CMM. Then, a modal
analysis study will be carried out in order to generate a
modal surface (digitally deformed) [15,16]. Insertion of the
coordinates cloud points of these modal surfaces in the
GEOVERIF software will allow estimation of the ﬂatness
defect.

mode is mode 4, which gives a “horse saddle” shape,
diagonally with respect to the edges of the surface. The two
other modes also have an axisymmetric shape, i.e., showing
symmetry relative to a vertical axis passing through the
centre of the surface. This has a signiﬁcant inﬂuence on one
of the three criteria tested. On the other hand, the higher
modes correspond to more “complex” surfaces.

4 Deformed planes used to test the inﬂuence
of the probing deﬁnition on the stability
of criteria

The Z-coordinate of the nodes on the various surfaces was
divided by 10 in order to have a plausible form defect with
regard to their size (76  76 mm2). Then, it was decided to
remove one node out of two in order to obtain the
deﬁnitions 8  8, 4  4, 2  2 and ﬁnally 1  1. The
coordinates of these nodes were formatted and saved in
text ﬁles that are understandable by the GEOVERIF
software, which was used to calculate the planes adjusted
on each deﬁnition of each distorted plane, and according to
each criterion, this gives 7  5  3 = 105 adjustments.

In order to test the stability of the ﬁtting criteria on
surfaces of various shapes, we generated, by ﬁnite elements,
the ﬁrst deformation modes of a thin square plate with a
side length of 76 mm, as shown in Figures 4a–10a. Indeed,
in 2007, these modal forms allowed Samper [15,16] to
propose a description language for the form defect. Later,
Favreliere applied this language through a “modal”
geometrical parameterization [17], in particular to characterize the form defects of a spherical surface [18] and a
warped surface [19].
The meshing of the plate corresponds to the deﬁnition
16  16; therefore, each mesh is a square of 4.75 mm side.
The ﬁrst three modes are rigid modes, i.e., the plate does
not deform but only moves. Thus, the ﬁrst deformation

5 Practical aspects

6 Results and discussion
Figures 4a, 5a and 6a show the visualizations of the
ﬁrst three modes (4, 5 and 6) and Figures 4b, 5b and 6b
show the evolution of the measured ﬂatness defect
according to the three criteria (MZ, LS and Sei) for these
three modes.
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Fig. 5. Evolution of ﬂatness defect measured according to the three criteria for mode 5. (a) Mode 5 (saddle of parallel horse).
(b) Variation of the measured ﬂatness defect according to the three criteria.

Fig. 6. Evolution of ﬂatness defect measured according to the three criteria for mode 6. (a) Mode 6 (mono-bump). (b) Variation of the
measured ﬂatness defect according to the three criteria.

Figures 7a and 8a show the visualizations of the modes
(7 and 10) and Figures 7b and 8b show the evolution of the
measured ﬂatness defect according to the three criteria
(MZ, LS and Sei) for these two modes.
Figures 9a and 10a show the visualizations of the modes
(9 and 12) and Figures 9b and 10b show the evolution of the
measured ﬂatness defect according to the three criteria
(MZ, LS and Sei) for these two modes.
Apart from the Sei criterion relative to the ﬁrst three
modes (of axisymmetric form), it is seen that the
deﬁnition 4  4 is sufﬁcient for evaluating the form
defect. Moreover, the criterion is not very inﬂuential.
The MZ criterion and the LS criterion are perfectly
equivalent on these theoretical forms. This may be
explained by the fact that the surface adjusted by these
two criteria is always supported on the bumps of
these shapes.
The LS criterion gives slightly larger values which can
compensate for the underestimated form defect when the
other two criteria are used on low deﬁnitions (4  4), as it
can be seen on the form of mode 7 (diagonal ﬂag Fig. 7)
and the form of mode 10 (parallel ﬂag Fig. 8).

For modes 9 and 12 (Figs. 9 and 10), the criterion
has a little inﬂuence. The form defect measured according
to the three criteria (MZ, LS and Sei) is practically the
same. This is due to the shape (quad-bumps) of these two
modes.
The Sei criterion can considerably overestimate
the form defect on axisymmetric shapes (modes 4–6 –
Figs. 4–6), including for high deﬁnitions. This is attributed
to the fact that an inﬁnite number of planes, bearing on the
bump (or bumps) of its axisymmetric surfaces, lead to the
same minimum sum of deviations and that the algorithm
used by GEOVERIF gives one of the planes bearing on
three points; this must result in a maximum deviation
almost double that given by the other two criteria.
Figure 11 illustrates this situation.
The GEOVERIF algorithm could probably be modiﬁed
in order to rotate the plane. This is the plane which, among
all the planes that minimize the sum of deviations, gives the
smallest maximum deviation.
In Table 1, we will present the values of the ﬂatness
defects obtained according to the three criteria according
to the number of points treated. We have contented
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Fig. 7. Evolution of ﬂatness defect measured according to the three criteria for mode 7. (a) Mode 7 (diagonal ﬂag). (b) Variation of the
measured ﬂatness defect according to the three criteria.

Fig. 8. Evolution of ﬂatness defect measured according to the three criteria for mode 10. (a) Mode 10 (parallel ﬂag). (b) Variation of
the measured ﬂatness defect according to the three criteria.

Fig. 9. Evolution of ﬂatness defect measured according to the three criteria for mode 9. (a) Mode 9 (quad-parallel bumps).
(b) Variation of the measured ﬂatness defect according to the three criteria.

ourselves with presenting below only the modes that seem
to us the most interesting.
We also note that the MZ criterion gives the value of the
smallest form defect. It is in line with the ISO 12781-1:2011
standard [20].

7 Conclusion
This study allowed us to show the inﬂuence of the probing
deﬁnition of a surface, on the measured shape defect and
according to the three ﬁtting criteria: MZ, LS and Sei. It
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Fig. 10. Evolution of ﬂatness defect measured according to the three criteria for mode 12. (a) Mode 12 (quad-bumps almost diagonal).
(b) Variation of the measured ﬂatness defect according to the three criteria.

Table 1. Values of ﬂatness defects obtained by the three criteria according to the number of points treated.
Flatness defect according
to the criterion
Mode 5

Mode 7

Mode 10

MZ
LS
Sei
MZ
LS
Sei
MZ
LS
Sei

Number of points probed
4

9

25

81

289

0.00001
0.00001
0.000019
0
0
0
0.000014
0.000014
0.000029

0.199999
0.200001
0.28625
0.133358
0.163504
0.133358
0.000036
0.000039
0.000043

0.199999
0.200001
0.28625
0.134475
0.156709
0.134475
0.160872
0.19301
0.160874

0.199999
0.2
0.250698
0.139979
0.174625
0.139979
0.18774
0.203397
0.18774

0.199999
0.2
0.226438
0.140113
0.186147
0.140113
0.19713
0.216512
0.197137

application in automotive and aeronautics industry.
Precise and effective easy-to-incorporate methods in
surface probing for wings or all external surfaces of fast
ﬂying mechanical objects are demanded.
Fig. 11. Over-evaluation of the algorithm used by GEOVERIF
of the form defect on the axisymmetric shapes.

shows that, whatever the real surface of the plane, the
ﬂatness defect can be evaluated with a rather great
precision on a weak probing deﬁnition and that the
criterion of the least squares seems to be effective and
sufﬁcient. It is also shown that the optimal number is
deﬁned by 64 pixels, i.e. 81 probing points (1 point palpated
every 1/10 of the dimension of the piece). This will reduce
the measurement time and therefore the cost of control will
be minimal. This study could be applied to other forms of
surfaces, such as circle, cylinder, cone and sphere. Some
surfaces generated by the modal analysis have too much
symmetry, but they have the merit to contain only the form
defect and thus to have a conclusion extrapolated to the
real surfaces. Results of our studies will likely ﬁnd useful
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