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Abstract. The study and the development of measuring methods of thermal conductivity are essential in
several engineering applications, since as a consequence of the current justiﬁed demands on saving and rational
use of thermal energy, the heat transfer with the maximum efﬁcient as possible is of great relevance. The
measurement of the water content is also a relevant parameter in several research areas and industrial sectors,
since the quantity of water in the substances inﬂuences several biological, chemical and physical processes. The
aim of this paper is to present an experimental and theoretical study, following the good metrological practices,
of a method based on a spherical heat source in order to measure the thermal conductivity of liquids, focusing on
water, ethanol and their mixtures, with later determination of the water content of the binary samples.
Keywords: thermal conductivity / water content / spherical heat source / metrology

1 Introduction
Due to the environmental needs, the rational use and
saving of thermal energy have become increasingly relevant
in the last decades, especially in the industrial sectors.
Thus, the heat transfer with the best efﬁciency is as
important as minimizing the heat loss through the use of
appropriate materials. Hence, the knowledge of the thermal
conductivity of materials is of great relevance in several
engineering applications where heat transfer plays a
fundamental role. The water content is also another
important quantity for many industrial sectors and
research areas, since the amount of water in the substances
inﬂuences several biological, chemical and physical processes. Nevertheless, the number of equipment available on
the market for the measurement of these quantities is not
vast when compared to other quantities, mainly for liquid
substances. For this reason, researches on the development
of alternative measuring techniques have considerable
signiﬁcance.
The thermal conductivity is a transport property that
furnishes an indication of the rate at which energy is
transferred by the conduction process (net transfer of
* Corresponding author: jdbrionizio@inmetro.gov.br

energy by random molecular motion). The measuring
methods of the thermal conductivity are often classiﬁed as
being steady-state and transient. In the case of ﬂuids, its
measurement is more difﬁcult than that of solids due to the
possibility of the onset of natural convection, which
consists in energy transfer due to random molecular
motion and the global motion of the ﬂuid. This ﬂuid motion
is due to the buoyancy forces induced by density differences
caused by temperature variations in the ﬂuid.
The thermal conductivity depends on several parameters, and the water content is one of them. Consequently,
the water content can be indirectly determined by means of
the thermal conductivity value of the material, which is
higher as the water content increases, since the thermal
conductivity of water is higher than that of many
nonmetallic solids, gases and liquids.
For a long while researchers have been working on new
approaches for theoretical estimation of thermal conductivity of liquids, by linking it to other physical property, usually
using temperature as a variable, or by deriving a model from
the existing ones. Also, several experiments have been
developed, using different techniques based on steady-state
and transient methods, in order to measure it properly.
The line heat source probe (hot-wire method) is usually
recognized as the most accurate technique for measuring
thermal conductivity of liquids. The concept and the initial
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experiments with heated wires started about 1780, and the
ﬁrst transient hot-wire instrument was proposed by
Stâlhane and Pyk in 1931 to measure the thermal
conductivity of solids, powders and some liquids. Since
1780, the method has been studied by several researchers
[1]. The standard test method for the determination of
thermal conductivity of nonmetallic liquids of the American Society for Testing and Materials (ASTM) is based on
this method [2]. An extensive uncertainty assessment
elaborated for the hot-wire method obtained the value of
5.8% for the thermal conductivity [3], although other
literatures claim for uncertainty values better than 5%.
Models based on spherical heat sources have also been
studied to measure thermal conductivity of different
materials (solid, powder, paste, etc.). In this technique,
the spherical device simultaneously generates heat and
monitors the temperature response with time. Heat sources
of spherical symmetry are free of lateral thermal effects and
they yield to the steady-state regime at long times.
In 1933, Gibbs [4] described a device primarily
designed to determine qualitatively the changes in blood
ﬂow through a tissue or organ by means of an electrically
heated thermocouple. From 1951, Grayson [5–7] discussed
the use of the apparatus for measuring the thermal
conductivity, taking into consideration a steady-state
regime in which the relation between heat production and
heat loss is represented by equation (2), described by
Carslaw [8] in 1921 for an electrically heated spherical
source in an inﬁnite mass of material. In 1968, Chato [9]
was to ﬁrst to use a thermistor as temperature sensor and
heating element for measuring thermal conductivity and
thermal diffusivity of biological materials. Several other
researchers have also applied the thermistor method for
measuring thermal properties of biomaterials [10–15].
Woodbury [16] used the thermistor method to measure
thermal conductivity of building insulation with varying
degree of wetness. Fujii et al. [17] employed the technique
to measure thermal conductivities of liquid mixtures of
water–ethanol, water–methanol and R113-oil. Dougherty
[18] used the thermistor method to perform thermal
conductivity measurements in materials ranging from low
viscosity ﬂuids to insulation ones. Kravets [19] used the
technique to measure thermal conductivity of milk and
cream over the range of 25 °C to 125 °C. Holeschovsky
et al. [20] used the thermistor method to measure the
thermal conductivity of liquids and silica gel. Radhakrishnan [21] measured the thermal properties of ten
different seafood in the range from 5 °C to 30 °C. Gelder
[22] employed the thermistor technique to measure
thermal properties of moist food materials at high
temperatures. In 2003, Zhang et al. [23], based on a
transient thermal model of a point heat pulse, developed a
dual-thermistor probe, in which two thermistor beads
serve as point heater and temperature sensor, in order to
measure thermal diffusivity and thermal conductivity.
From 2005, Kubicar et al. [24–26] presented a sensor to
measure thermal conductivity, in which a heat source and
a thermometer were uniﬁed in a single component in the
form of a small ball.

In principle, a model based on a spherical heat source is
an absolute measuring method of thermal conductivity,
which means that the sensor can furnish a result without
being calibrated against a standard or a reference material.
Nevertheless, parameters of the model need to be
determined or obtained by means of calibration.
The research was focused on ethanol because it is a
strategic biofuel in Brazil, and also because it is widely used
as feedstock (pure or mixed with water) in several
industrial sectors, such as pharmaceutical, food processing,
hygiene and others. Since the early days, ethanol has
helped fuel motorized transport in Brazil. In 1903, Brazil’s
First National Congress on Industrial Applications of
Alcohol recommended the development of infrastructure to
produce automotive ethanol. Several ethanol programs
were implemented by the Brazilian government since then
[27]. As a consequence, many ethanol production plants are
spread all over the country, which makes Brazil the world’s
second largest producer of ethanol fuel. So, studies on
ethanol are of great relevance for the industries, especially
those related to measurement processes.

2 Theoretical model
In the measuring principle of the thermal properties by
spherical geometry, the sensor is inserted in the medium of
interest. Electrical power is supplied to the sensor and a
constant heat ﬂow is generated inside. Through the radius
of the sphere, the heat propagates through the surrounding
medium by a radial distance, resulting in temperature rise
of the medium until its stabilization. The heat dissipated
by the ball to maintain this temperature rise depends on
the thermal properties of the medium.
The heat transfer model of a spherical heat source is
generally based on the following hypothesis: the sensor and
the medium are in thermal equilibrium before heating; the
surrounding medium is homogeneous, isotropic and
inﬁnite; the sensor is homogeneous and isotropic; the
sensor has spherical shape; the heat is generated uniformly
within the sensor; there is no thermal contact resistance
between the sensor and the environment; and the only heat
transfer mode acting in the process is conduction.
The temperature rise of the spherical heat source and
the measured medium in the steady-state regime can
be described by the following initial and boundary
conditions:
Ts ¼ Tm ¼ 0
Tm !0
Ts ¼ Tm
Ts
¼0
∂
∂r
∂T s
∂T m
ks
¼ km
∂r
∂r

when t ¼ 0
when r ! ∞ and t > 0
when r ¼ rs and t > 0
when r ¼ 0 and t > 0
when r ¼ rs and t > 0;

where the subscripts s and m represent the sphere and the
medium, respectively; T is the temperature; t is the time; r
is the radial distance; rs is the radius of the sphere; and k is
the thermal conductivity.
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Fig. 1. Measuring system (left) and spherical sensors (right).

The temperature distribution of a region bounded
internally by a sphere, with initial temperature as zero and
constant heat ﬂux in the interface, is given by [28]:

q00 r2s
r  rs
erfc pﬃﬃﬃﬃﬃﬃﬃﬃ
Tm ¼
km r
2 am t
pﬃﬃﬃﬃﬃﬃﬃﬃ



r  rs am t
r  rs
am t
exp
þ 2 erfc pﬃﬃﬃﬃﬃﬃﬃﬃ þ
; ð1Þ
rs
rs
rs
2 am t

heated sphere and the surrounding medium is given by [28]:

where q00 is the heat transfer per unit area (heat ﬂux) and
erfc(x) is the complementary error function.
For a temperature measured at the surface of the sphere
(r = rs) at long times (t ! ∞), an equation for determining
the thermal conductivity of the medium that surrounds the
sensor in the steady-state regime can be obtained, as
previously shown by Carslaw [8]:

3 Materials and experimental methods

km ¼

_
Q
q00 rs
¼
;
4prs T m
Tm

ð2Þ

_ is the heat transfer rate.
where Q
The temperature distribution within a sphere, with
initial temperature as zero, considering its heat capacity
and the thermal contact resistance between the heated
sphere and the surrounding medium is given by [28]:
Ts ¼


_
Q
1 þ rs f
4prs km
rs f

#
2r2s g 2 f2 ∞
expðam u2 t=r2s Þ
∫0

du ;
2
2
p
þ ðu3  grs fuÞ
½u2 ð1 þ rs fÞ  grs f
ð3Þ
where g ¼ 4pr3s rm ðcm =ms cs Þ; f = Hc/km = 1/kmRc; r is the
density; c is the speciﬁc heat; m is the mass; and Hc is the
thermal contact conductance, which is the inverse of the
thermal contact resistance (Rc).
For the steady-state regime, the temperature distribution within a sphere, with initial temperature as zero,
considering the thermal contact resistance between the

½r2s  r2 þ 2Rc rs ks þ 2r2s ðks =km Þ
6ks
½r2s  r2 þ ð2=H c Þrs ks þ 2r2s ðks =km Þ
_
¼Q
;
8pks r3s

T s ¼ q_

ð4Þ

where q_ is the heat transfer rate per unit volume.

Two commercial measuring systems were used in the
experiments. Each instrument is composed by a remote
spherical sensor and an electronic unit. The sensor consists
of a NTC (Negative Temperature Coefﬁcient) thermistor
of 47 kV and an electrical resistance of 100 V ﬁxed together
by means of epoxy resin, resulting in a sphere with nominal
diameter of 2 mm. The operating range of the thermistor is
40 °C to 150 °C, the temperature response is 0.1 °C to 5 °C,
and the power generation range of the device is 1 mW to
30 mW. Figure 1 shows one measuring system (left) and the
spherical sensors (right).
The rate of heat transfer from the heated spherical
sensor to the medium results from the generating process of
internal power, which comes from the conversion of
electrical energy into thermal energy. This phenomenon
occurs due to resistive heating, i.e., an electric current (I)
passes through a resistance (R) inside the sensor (control
volume), electric power is then dissipated at a rate equal to
I2R which corresponds to the rate at which thermal energy
is released.
The thermistors were calibrated in the range from 15 °C
to 30 °C, in steps of 2.5 °C, by comparison against a
platinum resistance thermometer of 100 V (at 0 °C)
calibrated by the Thermometry Laboratory of Inmetro.
The electrical power values adjusted in the devices were
compared to those calculated by means of voltage and
current measurements performed by precise digital multimeters (of 6½ and 7½ digits of resolution) calibrated by the
Voltage and Electric Current Laboratory of Inmetro. The
diameters of the sensors were measured by the Dimensional
Metrology Laboratory of Inmetro by means of an optical
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Fig. 2. Temperature monitoring during a measurement cycle.

microscope traceable to a standard ruler, which in turn was
calibrated by a He-Ne laser interferometer. The measurement results of the diameter of the sensors were 2.32 mm
(sensor 01) and 2.08 mm (sensor 02), both having expanded
measurement uncertainty of 0.03 mm, with coverage
probability of 95.45%.
For the measurements, the following samples were
used: distilled water, anhydrous ethanol (purity around
99.3%), ethyl alcohol (purity around 95%), solution of
75% of ethanol and 25% of water, solution of 50% of
ethanol and 50% of water, and solution of 25% of ethanol
and 75% of water. The water content of the binary
samples was measured by the Organic Analysis Laboratory of Inmetro by means of a Karl Fischer coulometric
titration. All the samples were stored in dark borosilicate
glass bottles with the same characteristics and size. The
samples had approximately volume of 1 L, although lower
volumes could be used. In previous works [15,29,30], the
volume of the sample was estimated from 5 to 12 times the
radius of the sensor, resulting in values in the order of
1 cm3.
When measuring the thermal conductivity of ﬂuids, it is
desirable that the heat transfer from the measuring system
to the medium should occur only by conduction. So, care
must be taken to prevent the onset of natural convection.
In order to detect its onset, the experimental method
developed by Schmidt and Milverton [31] was used. The
researchers noted that in the heat transfer by conduction,
the temperature difference imposed in the ﬂuid increased
linearly with the power supplied to the heating system of
the apparatus, and this linearity was interrupted when
convection started to act. Therefore, the spherical sensors
were immerged in distilled water and ethyl alcohol at 20 °C,
and thirty nominal values of electrical power (with
increments of approximately 0.45 mW) were set in the
devices in the range from 1 mW to 14 mW. For both
sensors, it was clearly observed that the relation between
the electrical power and the temperature increment was
linear for the whole range. Nevertheless, for ethyl alcohol,

this linearity was interrupted from 8 mW and 6 mW for the
sensors numbered as 01 and 02, respectively, which is an
indication of the convection onset.
The spherical sensor of the measuring system was
placed approximately in the middle of the bottle, which in
turn was conditioned at 20 °C in a thermostatic bath with
stability lower than 0.02 °C. The sample within the bottle
was completely covered by the ﬂuid of the bath. The sensor
was guided to the middle of the bottle by means of a very
small hole prepared in the removable lid of the container. In
order to avoid inﬁltration of air to the inner of the bottle,
the tip and part of the sensor cable were wrapped with
polyvinyl chloride (PVC) ﬁlm. After removal of the
spherical sensor from a sample, it was exhaustively rinsed
with distilled water and dried with paper towel and hot air
before submerging it on another sample. This was done to
prevent cross-contamination.
Before starting the measurements, the samples were left
for at least 12 h in the bath so as to guarantee their
completely stabilization at 20 °C. The nominal electrical
powers set in the electronic units were, respectively, 8 mW
and 6 mW for the spherical sensors 01 and 02. Several
measurement cycles were performed for each sensor, where
each one was composed by temperature monitoring before,
during and after the heating of the spherical sensor. Five
measurements were acquired before the heating of the
sphere, ninety-ﬁve measurements were obtained during it,
and ﬁfty measurements were collected when the heating
process was stopped. The interval between measurements
was 1 s, so that each cycle took 2.5 min from the beginning
to the end. An interval from 10 min to 20 min between
cycles was given so as to prevent that the temperature rise
of a cycle could affect the following one. This was conﬁrmed
by comparing the ﬁrst measurement of a cycle with the last
one of the previous cycle.
The thermal conductivity of the samples was determined in the steady-state regime. For this reason, it was
very important to establish when this regime was reached.
During the calibration of the thermometers, where several
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Table 1. Concentrations and expanded uncertainties of the samples.
ECN (% ethanol)

WCN (% water)

WCR (% water)

U(WCR) (% water)

99.3
95
75
50
25

0.7
5
25
50
75

0.720
5.368
25.5270
50.3596
75.1930

0.004
0.001
0.2143
0.2862
0.1509

Table 2. Coefﬁcients f of the equation of Assael et al. [32].

Water
100% methanol
75% methanol + 25% water
50% methanol + 50% water
25% methanol + 75% water
100% ethanol
75% ethanol + 25% water
50% ethanol + 50% water
25% ethanol + 75% water
100% propanol
50% propanol + 50% water

measurements were taken during 30 min after the stabilization of the liquid of the bath, an amplitude value of
temperature oscillation was deﬁned for each sensor. For
both temperature sensors, the amplitude values were lower
than 0.05 °C. The temperature measurements of the samples
varied within the amplitude value 22 s after the beginning
of the heating of the spherical sensor. Figure 2 shows the
temperature monitoring during a measurement cycle.

4 Method validation
The water content of the binary samples (ethanol and
water mixtures) was compared to the reference measurements performed at the Organic Analysis Laboratory of
Inmetro by means of a Karl Fischer coulometric titration.
Table 1 presents for each sample the nominal ethanol
content ECN, the nominal water content WCN, the
reference water content WCR and their expanded uncertainties, with a coverage factor of 95.45%.
The thermal conductivity of the samples was compared
to literature values, since the institute does not have
reference standards for measuring this quantity in liquids.
A mean value was used as reference, once different values
for the thermal conductivity of the samples at 20 °C were
found in the literatures.
Using a hot-wire equipment, Assael et al. [32] measured
the thermal conductivity of the liquid mixtures of water–
ethanol, water–methanol and water–propanol in the range
from 26.85 °C to 71.85 °C. The thermal conductivity

f1 (mW/m K)

f2 (mW/m K)

209.2
220.7
185.5
147.6
73.7
186.4
198.7
178.5
75.8
179.2
139.2

1342
75
249
639
1247
84
95
443
1190
100
565

measurements were adjusted as a function of temperature,
and the coefﬁcients f have been determined for pure
components and for the mixtures, as shown in Table 2. The
researchers compared their thermal conductivity values to
ﬁve other works at 16.85 °C and 56.85 °C for the liquid
mixtures of water–methanol and water–ethanol. The
maximum difference between their measurements and
those of the ﬁve works were 15%, although this difference
could be reduced to 5% when threes works were considered
k ¼ f1 þ f2 T :

ð5Þ

Filippov [33] studied the thermal conductivity of liquid
solutions as a function of their concentration. He analyzed
twelve systems of unassociated components, ten systems
with a single associated component, aqueous solutions of
three alcohols and solutions of some salts and acids. From
the thermal conductivities of the pure substances, an
equation was proposed for estimating the thermal
conductivity of binary mixtures:
k ¼ k1 w1 þ k2 w2  lw1 w2 jk2  k1 j;

ð6Þ

where k1 and k2 are the thermal conductivities of the pure
substances 1 and 2; w1 and w2 are the mass fractions of these
substances; and l is a coefﬁcient that depends on the
substances of the solution.
For solutions of unassociated substances, l is equal to
0.72; for solutions of associated substances, l ranges from
0.5 to 1; and for aqueous solutions it ranges from 0.3 to 0.7.
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Table 3. Thermal conductivity values of the samples from literatures (in W/m °C) at 20 °C.
WCN (% water)
0

25

50

75

100

Assael et al. [32]  Eq. (5)
Fang et al. [41]
Filippov [33]  Eq. (6)
Reid [34]  Eq. (7)
Melinder [42]
KDB [37]  Eqs. (11) and (12)
IAPWS [38]
Ramires et al. [35]  Eq. (8)
Vargaftik [43]
Miller and Yaws [36]  Eq. (9)
Touloukian et al. [34]  Eq. (10)

0.162
0.164
–
–
–
0.169
–
–
0.168
0.169
0.168

0.227
0.229
0.230
0.234
–
–
–
–
–
–
–

0.308
0.315
0.322
0.321
0.317
–
–
–
–
–
–

0.425
0.445
0.445
0.439
0.438
–
–
–
–
–
–

0.603
0.598
–
–
0.598
0.609
0.598
0.598
–
–
–

Mean
Standard deviation of the mean

0.1666
0.0013

0.2300
0.0015

0.3169
0.0025

0.4384
0.0037

0.6006
0.0019

According to Khan [34], based on 120 data, the value of l
for Filippov’s equation for liquid mixtures of water–ethanol
in the range from 70 °C to 60 °C is 0.571066.

l2 are 609.512 and 0.70924, respectively [34]:

Reid et al. have also proposed an equation for estimating the thermal conductivity of binary mixtures as a
function of the concentrations and thermal conductivities
of the pure substances [34]:

The Korea Thermophysical Properties Data Bank
(KDB), which provides information and estimating
methods for the thermophysical properties of several
substances, presents the following equations for estimating
the thermal conductivities of water (in the range from
0.15 °C to 349.85 °C) and ethanol (in the range from
113.15 °C to 189.85 °C), respectively [37]:

k ¼ ðk1 wl1 þ k2 wl2 Þ1=l :

ð7Þ

According to Khan [34], the value of l for the equation
of Reid et al. for liquid mixtures of water–ethanol in the
range from 70 °C to 60 °C is 0.051892.
From several experimental measurements performed
by the hot-wire method, Ramires et al. [35] proposed an
equation for estimating the thermal conductivity of water
in the range from 0.85 °C to 96.85 °C at atmospheric
pressure:

k ¼ ðl1 þ l2 T Þ  0:0004187:

ð10Þ

k ¼ 0:3838 þ 0:005254T  6:369  106 T 2 ;

ð11Þ

k ¼ 0:2629  0:0003847T þ 2:211  107 T 2 :

ð12Þ

The International Association for the Properties of
Water and Steam (IAPWS), a non-proﬁt association
of national organizations concerned with the properties of
water and steam, provides in its website an online
k ¼ 0:6065
"



2 # calculator, prepared by Moscow Power Engineering
T
T
Institute and Russian National Committee of IAPWS,
: for estimating the thermal conductivity of water as a
 1:63866
 1:48445 þ 4:12292
298:15
298:15
function of temperature and density [38]. The calculator
ð8Þ was based on the “Release on the IAPWS Formulation 2011
for the Thermal Conductivity of Ordinary Water SubMiller and Yaws proposed an equation for estimating stance” [39]. The density of water was estimated by the
the thermal conductivity of ethanol in the range from equation presented by Tanaka et al. [40]. The output value
of thermal conductivity is presented in Table 3.
114 °C to 190 °C [36]:
For estimating the thermal conductivity values of the
k ¼ 0:26293  3:8468  104 T þ 2:2106  107 T 2 : ð9Þ binary samples by means of the equations (6) and (7), the
thermal conductivities of the pure substances were
Touloukian et al. proposed an equation for estimating necessary. In these cases, the thermal conductivities of
the thermal conductivity of pure liquids, where for ethanol ethanol and water were obtained, respectively, from KDB
in the range from 123 °C to 127 °C the coefﬁcients l1 and [37] and IAPWS [38]. Besides the thermal conductivity
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values estimated by the aforementioned equations for
water, ethanol and their mixtures, Table 3 also presents
values which were interpolated or directly obtained in
tables available in literatures [41–43].

5 Preliminary results
For each sample, three measurement cycles were performed, and for each cycle a temperature step was
determined as:
f

i

DT ¼ T  T ;

ð13Þ
i

where, DT is the temperature step; T is the mean
temperature of
the ﬁve readings before the heating of the
f
sphere; and T is the last ﬁve readings during the heating of
sphere.
As explained before, during the calibration of the
thermometers it was observed that the measurements
varied within the range of 0.05 °C in a stabilized medium.
This parameter was adopted as criterion to determine the
steady-state condition, which was reached 22 s after the
heating of the sphere. The temperature step could then be
determined in approximately 30 s. However, a slightly
longer measuring time was used.
Knowing the radius of the sphere, the heat transfer rate
(electrical power) and the temperature step (measured as
detailed in Sect. 3), the thermal conductivities of the
samples could then be determined by means of equation
(2). Nevertheless, the estimated results were highly
unsatisfactory, since they were very diverging from the
literature values shown in Table 3. The percentage
differences from the estimated values to the literature
ones increased from approximately 10–130% (sensor 01)
and 30–160% (sensor 02) as the ethanol content increased.
Another option could be to use an effective radius
instead of the geometrical radius of the sphere. An effective
radius, which can be estimated by the calibration of the
spherical sensor in certain substances (selected by the user
according to his measurement needs), consists of a virtual
radius that compensates the lack of knowledge of some
parameters involved in the measurement process, so as to
accurately reproduce the thermal conductivities of the
substances taken as reference. Using the thermal conductivities of the samples as reference (Tab. 3), the heat
transfer rate and the temperature steps, the effective radii
for each sensor could be estimated. Nevertheless, for both
sensors, the effective radii varied considerably from one
sample to another. The effective radius of the sensors
increased linearly as the ethanol content increased. The
estimated effective radii for sensors 01 and 02 were
respectively 1.28 mm and 1.34 mm for distilled water,
and 2.67 mm and 2.73 mm for anhydrous ethanol. Due
to these considerable variations, the results were not useful
for the measurement of the ethanol and water mixtures,
because it would be necessary to use an effective radius value according to the concentration of the
sample to be measured, which is usually unknown
information in practice. Except for the half and half
sample, the use of a mean effective radius is not convenient
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either. The percentage differences from the estimated
thermal conductivities to the literature values increased as
the difference of the concentrations of the solutions
increased, reaching approximately 35% in the pure substances (distilled water and anhydrous ethanol).
The determination of the thermal conductivity
values of the samples by the previous methods did not
succeed, because equation (2) should only be used in ideal
models, i.e., free from error sources. Nevertheless, the real
process presents errors. So, a new model needed to be
developed.

6 Development of an experimental model
In an ideal model, the temperatures of the sphere and the
medium are the same in the interface. However, as shown in
[25], the temperature measured in the sphere is shifted due
to the thermal gradient within the sphere and the thermal
contact resistance between the heated sphere and the
surrounding medium. It can be stated as:
T s ¼ T m þ dT G þ dT R ¼ T m þ dT ;

ð14Þ

where dTG is the temperature shift due to the thermal
gradient within the sphere; dTR is the temperature shift
due to the thermal contact resistance between the sphere
and the medium; and dT is the temperature shift due to dTG
and dTR.
Rearranging equation (14) as dT = Ts  Tm, and using
equations (2) and (4), dT can be deduced as:

_  1
Q
r2
1

þ
dT ¼
:
4prs 2ks 2ks r2s rs H c

ð15Þ

Rearranging equation (14) as Tm = Ts  dT, equation
(2) can be rewritten as:
k¼

_
Q
:
4prs ðT s  dT Þ

ð16Þ

Two parameters were experimentally measured for the
determination of the thermal conductivities of the samples:
_ and the temperature step DT,
the heat transfer rate Q
which means that k should be expressed as a function of
them. Equation (16) is valid when the initial temperature is
zero; for the cases where it is not zero, DT is used instead of
Ts. So, equation (16) can be rearranged as:
2
3
_
Q
1
5:
4
k¼
dT
DT
4prs 1  DT

ð17Þ

Equation (17) shows that the thermal conductivity of
the medium can be determined by means of the product of
_
the experimental ratio Q=DT
and a term, named as j, that
takes into consideration the possible temperature errors.
The term j was calculated for each sample through the
calibration of the spherical sensors by means of the

8
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_
Table 4. Experimental ratios Q=DT
and j for each sample obtained at 20 °C.
WCN (% water)

kL

Sensor 01

W/m °C

0
25
50
75
100

Sensor 02
j

_
Q=DT

0.1666
0.2300
0.3169
0.4384
0.6006

j

_
Q=DT

W/°C

m1

W/°C

m1

5.598  103
6.433  103
7.556  103
8.859  103
9.680  103

29.8
35.8
41.9
49.5
62.0

5.715  103
6.692  103
7.704  103
8.754  103
10.102  103

29.2
34.4
41.1
50.1
59.4

Table 5. Thermal conductivities of the samples by the developed model (in W/m °C) at 20 °C.
WCN (% water)

Sensor
100

75

50

25

k

D%

k

D%

k

01

0.598
0.600
0.603

0.4
0.1
0.4

0.441
0.437
0.437

0.6
0.3
0.3

0.318
0.317
0.317

0.3
0.0
0.0

0.230
0.231
0.230

02

0.601
0.603
0.597

0.1
0.4
0.6

0.434
0.440
0.439

1.0
0.4
0.1

0.314
0.319
0.321

0.9
0.7
1.3

0.225
0.230
0.232

following equation:
j¼

kL
;
_
Q=DT

ð18Þ

where kL is the mean thermal conductivity of the sample
obtained from literature.
Table 4 presents for each sample the experimental ratio
_
Q=DT
, which is a mean value of the three measurement
cycles, kL and the terms j.
_
An equation relating the experimental ratios Q=DT
and
the terms j could be adjusted for each sensor. This equation
is the calibration curve of the instrument. It means that,
_ and measuring DT, the equation compensates
knowing Q
the errors of the sensor and gives the thermal conductivity
value for water, ethanol and any unknown mixture between
these substances. Nevertheless, as the thermal conductivities of the binary samples do not vary linearly with the
water content, a polynomial function is the best option.
Thus, a third degree equation (with coefﬁcient of
determination equals 1) was then chosen for each sensor:
Sensor 01 :  1:877  107 j3 þ 2:341  105 j2
 7:873
 104 j


_
Q
þ 1:324  102 
DT
¼ 0;

ð19Þ

D%

k

0
D%

k

D%

0.0
0.4
0.0

0.165
0.166
0.170

1.0
0.4
2.0

2.2
0.0
0.9

0.166
0.167
0.167

0.4
0.2
0.2

Sensor 02 : 1:118  107 j3  1:561  105 j2
þ 8:441
 104 j


_
Q
3
 8:403  10 
DT
¼ 0:

ð20Þ

Table 5 presents the thermal conductivities of the
samples, determined by means of the equations (19) and
(20), for the three measurement cycles, and the percentage
differences D% from the estimated values to the literature
ones.
Unlike the previous cases, the determination of the
thermal conductivity values of the samples by the
developed model was successful. The thermal conductivities estimated for the measured samples clearly present
small divergences from the literature values, which show
that the equations set for the sensors by means of
calibration are fairly good.
The developed experimental model worked because the
errors of the real measurement process were compensated
by the calibration. As shown by equation (15), some errors
of the measurement process come from the lack of some
information, such as the thermal conductivity of the
sphere, the right positioning of the temperature sensor
within the sphere and the thermal resistance between the
sphere and the medium. In addition, other phenomena may
also cause errors in the process, such as the inﬂuence of the
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Table 6. Water content of the binary mixtures of water and ethanol at 20 °C.
WCN (% water)

Sensor
5

25

50

75

k
W/m °C

WC
% water

k
W/m °C

WC
% water

k
W/m °C

WC
% water

k
W/m °C

WC
% water

01

0.186
0.186
0.185

8.2
8.3
7.8

0.230
0.231
0.230

24.6
24.9
24.6

0.318
0.317
0.317

50.5
50.2
50.2

0.441
0.437
0.437

75.3
74.7
74.6

02

0.174
0.176
0.175

3.2
3.9
3.9

0.225
0.230
0.232

23.1
24.9
25.6

0.314
0.319
0.321

49.5
50.7
51.2

0.434
0.440
0.439

74.2
75.1
75.0

sensor cable and the possibility of some convective effects.
That is why it is very important to calibrate each heated
sphere sensor individually, so that a compensation for the
unknown errors may be included in the ideal model.
The determination of the water content WC of the
binary samples was done by means of the thermal
conductivity measurements. Using the literature values
(Tab. 3), a regression equation (a polynomial of third
degree) was ﬁtted correlating the water content to the
thermal conductivity:
WC ¼ 719:6059 k3  1144:9714 k2 þ 757:1352 k
 97:5994:

ð21Þ

Due to the measurement uncertainty of the water
content, the measurement of alcohol containing low
concentrations of water, such as anhydrous ethanol (about
0.7% water) is not suitable. Thus, a sample of ethyl alcohol
(about 5% water) was used. Table 6 presents for the three
measurement cycles the thermal conductivity and the
water content estimated for the binary mixtures of water
and ethanol.

7 Uncertainty analysis

– u(sk) is the standard uncertainty of the mean thermal
conductivity of the sample obtained from literatures
(based on a normal distribution);
– u(fk) is the standard uncertainty related to the
polynomial equations (19) and (20) (based on a normal
distribution);
_
– uðQ=DT
Þ is the standard uncertainty related to the
_
experimental ratio Q=DT
(based on a normal distribution), which combined the uncertainties of the individual
_ and DT;
components Q
– ci(k) is the coefﬁcient sensitivity of the thermal conductivity to a particular input, estimated as the ﬁrst order
_
derivate of k with respect to the experimental ratio Q=DT
.
uðW CÞ ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 ðrW C Þ þ u2 ðf WC Þ þ ½ci ðWCÞuðkÞ2 ; ð23Þ

where
– u(WC) is the combined standard uncertainty of WC;
– u(rWC) is the standard uncertainty due to the water
content resolution adopted for the equipment (based on a
rectangular distribution;
– u(fWC) is the standard uncertainty related to
the polynomial equation (21) (based on a normal
distribution);
– u(k) is the combined standard uncertainty of k;
– ci(WC) is the coefﬁcient sensitivity of the water content
to a particular input, estimated as the ﬁrst order derivate
of WC with respect to k.

Based on the Guide to the Expression of Uncertainty in
Measurement (GUM) [44], the combined standard uncertainties of the values of thermal conductivity and water
content of the samples were respectively estimated as:
The expanded uncertainties of the values of thermal
conductivity
and water content of the samples were
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
"
!#2 respectively estimated as:
u
u
_
Q
uðkÞ ¼ tu2 ðrk Þ þ u2 ðsk Þ þ ½ci ðkÞuðf k Þ2 þ ci ðkÞu
;
DT
UðkÞ ¼ k  uðkÞ;
ð24Þ
ð22Þ
UðWCÞ ¼ k  uðW CÞ;
where
– u(k) is the combined standard uncertainty of k;
– u(r) is the standard uncertainty due to the thermal
conductivity resolution adopted for the equipment
(based on a rectangular distribution);

ð25Þ

where U(k) is the expanded uncertainty of the thermal
conductivity; k is the coverage factor (k equals two was
used, which gives a coverage probability of 95.45%); and U
(WC) is the expanded uncertainty of the water content.
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Table 7. Uncertainties for the thermal conductivities of the samples.
Sensor

WCN (% water)

u(rk)
W/m °C

u(sk)
W/m °C

ci(k)u(fk)
W/m °C

_
ci(k)u(Q=DT
)
W/m °C

u(k)
W/m °C

U(k)
W/m °C

U(k)
%

01

0
25
50
75
100

0.000289
0.000289
0.000289
0.000289
0.000289

0.0013
0.0015
0.0025
0.0037
0.0019

0.0007
0.0006
0.0007
0.0009
0.0011

0.0032
0.0053
0.0074
0.0087
0.0138

0.0035
0.0056
0.0079
0.0095
0.0139

0.007
0.011
0.016
0.019
0.028

4.2
4.8
5.0
4.3
4.7

02

0
25
50
75
100

0.000289
0.000289
0.000289
0.000289
0.000289

0.0013
0.0015
0.0025
0.0037
0.0019

0.0014
0.0019
0.0025
0.0030
0.0029

0.0047
0.0055
0.0088
0.0132
0.0178

0.0050
0.0060
0.0095
0.0140
0.0181

0.010
0.012
0.019
0.028
0.036

6.0
5.2
6.0
6.4
6.0

Table 8. Uncertainties for the water content of the binary mixtures.
Sensor

WCN (% water)

u(rWC)
% water

u(fWC)
% water

ci(WC)u(k)
% water

u(WC)
% water

U(WC)
% water

01

5
25
50
75

0.029
0.029
0.029
0.029

0.390
0.390
0.390
0.390

1.583
1.891
1.980
1.586

1.63
1.93
2.02
1.63

3.3
3.9
4.1
3.3

02

5
25
50
75

0.029
0.029
0.029
0.029

0.390
0.390
0.390
0.390

2.324
2.029
2.315
2.493

2.36
2.07
2.35
2.52

4.8
4.2
4.7
5.1

It is worth pointing out that the reproducibility of DT is
due to the reproducibility of the temperature measurements, which was estimated during the calibration of the
thermometer (by means of the repetition of the calibration
point 20 °C) and included in its uncertainty. The
repeatability of DT was estimated during the temperature
measurements of the samples as the standard deviation of
the mean values (before and during the heating of the
_ the reproducibility consists on
sphere). In the case of Q,
how the equipment reproduces the heat generation. It was
estimated during the characterization of the equipment (by
means of the repetition of three calibration points) and
_ was also
included in its uncertainty. The repeatability of Q
estimated during the characterization of the equipment by
means of the standard deviation of the mean values of
voltage and current and included in its uncertainty.
Table 7 presents the standard uncertainties, the
combined standard uncertainty, the expanded uncertainty
and the percentage expanded uncertainty of the thermal
conductivity determined for each sample.
Table 8 presents the standard uncertainties, the
combined standard uncertainty and the expanded uncertainty of the water content determined for each sample.

8 Comparing the results
The thermal conductivity values reported in some
literatures were not provided with their uncertainty
statements or error estimations. So, the agreement of
the measured values with the literature ones was checked
by means of the percentage expanded uncertainties of the
thermal conductivities determined for the samples. The
percentage differences between all the values of thermal
conductivity given in the literatures (by means of tables or
by the equations from (6) to (12)) and the mean thermal
conductivity measured for each sample (calculated by
means of the values of the three measurement cycles) were
smaller than its percentage expanded uncertainty, which
conﬁrm the agreement of the measured values with the
literature ones. Figures 3 (sensor 01) and 4 (sensor 02) show
the difference between each literature value and the mean
thermal conductivity, and the uncertainty of the thermal
conductivity measurement of each sample.
It can be clearly seen by means of Figures 3 and 4 that
there is a good agreement between the measured thermal
conductivities and the literature ones for all the samples,
which validates the developed method for measuring the
thermal conductivity of water, ethanol and their mixtures.
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k literature - k meaured / W/m. C

0.03

Assael et al.
Melinder
Vargaftik

0.02

Fang et al.
KDB
Miller e Yaws

Filippov
IAPWS
Touloukian et al.

11
Reid
Ramires et al.

0.01
0.00

0

25

50

75

100

-0.01
-0.02

-0.03

Samples at 20 ºC / %water

Fig. 3. Differences between literature values and the mean thermal conductivity for sensor 01.

k literature - k measured / W/m. C

0.04

Assael et al.
Melinder
Vargaftik

0.03

Fang et al.
KDB
Miller e Yaws

Filippov
IAPWS
Touloukian et al.

Reid
Ramires et al.

0.02

0.01
0.00

0

25

50

75

100

-0.01
-0.02
-0.03

-0.04

Samples at 20 ºC/ %water

Fig. 4. Differences between literature values and the mean thermal conductivity for sensor 02.

Table 9. Comparison of the measurements of WC of the binary samples (in % water).
WCN

WCR

U(WCR)

Sensor 01
WC

Sensor 02

U(WC)

En

WC

U(WC)

En

5

5.368

0.001

8.2
8.3
7.8

3.3
3.3
3.3

0.8
0.9
0.7

3.2
3.9
3.9

4.7
4.7
4.7

0.5
0.3
0.3

25

25.5270

0.2143

24.6
24.9
24.6

3.9
3.9
3.9

0.2
0.2
0.2

23.1
24.9
25.6

4.1
4.1
4.1

0.6
0.2
0.0

50

50.3596

0.2862

50.5
50.2
50.2

4.0
4.0
4.0

0.0
0.0
0.0

49.5
50.7
51.2

4.7
4.7
4.7

0.2
0.1
0.2

75

75.1930

0.1509

75.3
74.7
74.6

3.3
3.3
3.3

0.0
0.1
0.2

74.2
75.1
75.0

5.0
5.0
5.0

0.2
0.0
0.0
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In order to validate the water content determined for
the binary samples, these were compared to the reference
measurements performed at Inmetro and presented in
Table 1. The compatibility of the measurements was
checked by means of the normalized error (En), which is
calculated according to the following equation [45]:
WC  W C R
En ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
UðW CÞ2 þ UðWC R Þ2

ð26Þ

Table 9 shows the reference measurements of the water
content of the binary samples, the values determined by
the developed method in this study and the normalized
errors.
A comparison between two measurements is satisfactory when |En|  1. Consequently, the water content
measurements of this work and those performed by the
reference laboratory are clearly compatible, since all the En
values were lower than one, validating the developed
method for measuring the water content of binary samples
of water and ethanol.

9 Conclusions
The method of the spherical heat source, in principle, is an
absolute measuring method of thermal conductivity,
which means that the sensor can provide an output
without being calibrated against a standard or a reference
material. However, some parameters of the model need to
be carefully taken into consideration. Thus, to compensate
for the lack of some theoretical evaluations and the
difﬁculty for obtaining accurately some practical information, the heated sphere sensors needed to be calibrated by
means of mediums with known thermal properties. As the
devices have different constructive characteristics from
each other, the calibration must be done individually.
The use of spherical heat sources in the industrial
sectors for measuring the thermal conductivity presents
considerable advantages, such as wide measuring range,
relatively fast measurements, measurement uncertainty
compatible with other techniques and the possibility of
using the sensor in situ. The method has also a great
potential to be employed in research institutes and
laboratories that provide calibration and testing services.
The applicability of the method of the spherical heat
source for measuring the thermal conductivity of water,
ethanol and their mixtures proved to be quite satisfactory,
since the measurements of this study showed excellent
agreement with the values proposed by several researchers.
This agreement occurred with values obtained by other
measurement methods, such as the traditional hot-wire
technique, as with those obtained by means of equations for
estimating the thermal conductivity. The applicability of
the method for determining the water content of the binary
samples was also quite satisfactory, since the results of the
proposed method showed good agreement with those
performed by the reference equipment from the national
institute (Inmetro).

10 Implications and inﬂuences
The paper presents the metrological aspects and the
calibration procedure of a spherical heat source to measure
thermal conductivity and water content of some liquid
samples. This will strongly contribute and stimulate future
works on the investigation of the applicability of the
spherical heat source method and its metrological aspects
for measuring thermal conductivity and water content of
other liquids and other mediums.
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