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Abstract. A simple model is presented for the calculation of the temperature dependence of the thermopower of metals on an ab initio basis, which includes an accurate calculation of the electronic density
of states. The aim is to predict the temperature dependence of the electromotive force generated by the
elemental thermocouples Au/Pt and Pt/Pd, by calculating the thermopower of Pt, Au, and Pd. The model
is compared with the measured thermopower in each case, and found to be qualitatively accurate. It is
suggested that the accuracy of the model is limited principally by the ab initio calculation of the electronic
density of states of the model.

1 Introduction
Thermocouples are the most widely used type of temperature sensor in industry. They consist of two thermoelements (wires) connected at one end to form the measuring
junction. Often, the open end is held at a known temperature (the reference temperature). Essentially, an electromotive force (emf) is generated across the two thermoelements in response to a temperature gradient along the pair
of thermoelements. The linear rate of change of emf with
temperature for a pair of wires is given by the combined
Seebeck coeﬃcient.
Although thermocouples are simple in construction,
they exhibit some very rich physics [1–3]. It is of considerable interest to construct a model to predict the relationship between the temperature at the measuring junction
and the emf generated, for a given pair of materials. Currently, thermocouples must be calibrated with respect to
known temperatures, and the temperature is then related
to the emf by an empirical model parameterised by the
calibration. By using an accurate ab initio model of the
temperature dependence of the thermopower, the thermocouple could, in principle, be used as a primary thermometer; however, even a modestly accurate model is instructive and can assist with the selection of new types and
ultimately the eﬀect of changing composition (due to e.g.
high temperature exposure or ionising radiation) on the
output.
Here an analytical model is employed to generate
an expression for the thermopower of a particular wire.
The analytical expression requires in turn a knowledge
of the electron density of states as a function of energy, and the Fermi energy as a function of temperature.
The density of states is evaluated numerically using the
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plane-wave density functional theory (DFT) code
ABINIT [4–6]. This enables a numerical evaluation of the
Fermi energy by balancing the density of states with the
known number of valence electrons in the metal. The thermopower of the elements Pt, Au and Pd is then calculated,
and the output of the elemental thermocouples Au/Pt and
Pt/Pd is then calculated as a function of temperature.

2 Theoretical background
Here we describe a way, based on well established methods [2], to derive an expression for the temperature dependence of the Seebeck coeﬃcient of a metal. If we apply
an electric ﬁeld εx in the x-direction to a single crystal of
metal, the current density in the positive x-direction per
unit volume of material is

nevx
(1)
jx =
where n is the electron number density, v is the velocity
of the electron (with charge e) vx is its x-component and
the summation is over all occupied states.
This can be written [2] in terms of v and the relaxation
time τ as:

dP
−e2 εx
v2
dE
(2)
jx =
τ x dS
3
4π 
v
dE
where the ﬁrst integral is over a surface S of constant energy E and the second integral is over all energies. P is the
Fermi function describing the probability of occupation of
a given state with energy E, at a temperature T , given
the Fermi energy EF :
P =
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1
exp [(E − EF ) /kB T ] + 1

(3)
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where kB is the Boltzmann constant. It is now convenient
to introduce the partial electrical conductivity σ:

e2
dS
σx (E) =
τ (E) vx2 (e)
(4)
3
4π 
v
where the integration is over a constant energy surface in
k-space with energy E. σ is in eﬀect the conductivity of
the conduction electrons with energy E. Then jx can be
written:

dP
dE.
(5)
jx = −εx σx (E)
dE
For the purpose of the current application, σx can be simpliﬁed to:
σx (E) =

e2
τ (E) v̄x2 (E) N (E)
4π 3 

(6)

where N (E) is the electron density of states. Note that
in a cubic metal, sx and vx are isotropic so we omit the
suﬃx x.
The electrons have diﬀerent energies E but a common
free energy EF , the Fermi energy, which characterises the
entire distribution. Assuming that these properties of the
electron gas at equilibrium are essentially unchanged even
when the electrons ﬂow to produce an electric current,
then the thermal energy associated with the electron is
related to the diﬀerence between the internal energy E
and the free energy EF , i.e. E – EF , where E > EF .
The expression (5) for j indicates that the total conductivity (j/ε) is the sum of all the partial conductivities
suitably weighted. It is then possible to write down the
ratio of thermal energy flux to charge flux :
∞
dV
1 −∞ σ (E) (E − EF ) (dP/dE) dE
∞
T
=
.
(7)
dT
e
−∞ σ (E) (dP/dE) dE
Now, the derivative of the Fermi function, dP /dE, acts to
select out the density of states over a very narrow range of
energies centred at EF . The quantities τ (E) and v(E), and
their energy dependence, are not practically calculable,
so the assumption is made that they do not vary with
energy over the range selected by the Fermi occupation
function (3). Then most of the terms in (6) cancel, and
the thermopower dV /dT can be expressed in terms of
the electron density of states (see also [7]):
∞
dV
1 −∞ N (E) (E − EF ) (dP/dE) dE
∞
=
.
(8)
dT
eT
−∞ N (E) (dP/dE) dE
Note also that since dP /dE is only signiﬁcant for E ≈ EF
this result is approximately equal to:
1 dEF
dV
=−
dT
e dT

(9)

which is a much simpler expression to evaluate. A comparison of the behaviour of (8) and (9) shows that the
simpliﬁed method is a good approximation to the full
method. In the following sections, an analysis using the
full method (8) is presented to maximise the accuracy.

Fig. 1. Calculated density of states grouped by relevance to
thermocouple pairs. Top panel: Au and Pt. Bottom panel: Pt
and Pd. Dashed lines show the Fermi energy.

3 Determination of the electron density
of states
All the calculations of the electron density of states were
performed with the ABINIT code [4–6]. The calculations
are based on the local density approximation (LDA) [8]
combined with the norm-conserving pseudopotential techniques [9]. The calculations were performed for Pt, Au,
and Pd. The valence pseudowave functions are expanded
in plane waves up to a cut-oﬀ of 400 eV for all elements.
A 6 × 6 × 6 Monkhorst-Pack k-points mesh is used. The
resulting density of states for Pt, Au, and Pd are shown in
Figure 1. The calculated lattice parameters are 3.916 Å,
4.073 Å, and 3.864 Å, respectively.

4 Determination of the Fermi energy
The calculation relies on the fact that the overall number
of electrons taking part in conduction is constant. As the
temperature increases above absolute zero, this means the
value of EF must change in order to ensure that the number of valence electrons is conserved. The value of EF can
be determined by balancing the number of electrons able
to take part in conduction (determined from the density
of states) [7] with the number of electrons in a unit volume calculated from the density as yielded by the lattice
parameter calculated by ABINIT:
 ∞
LρNA
(10)
N (E) P dE =
A
−∞
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Fig. 2. Absolute thermopower of individual thermoelements
Pt (top), Au (middle), and Pd (bottom). Thick line shows
the thermopower calculated using the method described in the
text. The thin grey line shows the experimental values [10–12].

recalling that N (E) denotes the electron density of states,
and that P is the (energy dependent) Fermi function
of (3). NA is Avogadro’s constant, ρ is the zero temperature metal density (determined from the lattice parameter
calculated by ABINIT), A is the atomic mass, and there
are L valence electrons per atom (10, 11, and 10 for Pt,
Au, and Pd respectively). The iteration was performed numerically at each temperature. Since the number of conduction electrons must remain constant with temperature
according to the principle of electroneutrality, the density
is kept constant at its absolute zero temperature value to
maintain the number of conduction electrons at the zero
temperature value.

5 Results
The thermopower (Seebeck coeﬃcient) of each element
calculated from expression (8) is shown in Figure 2. The
combined thermopower (combined Seebeck coeﬃcient) of
the Au/Pt and Pt/Pd thermocouples is presented in Figure 3. The corresponding relationship between temperature and emf (known as the reference function [11]) is
obtained by integrating dV /dT with respect to temperature, and is shown in Figure 4. A reference temperature
of 273.15 K is assumed.
The model gives qualitatively realistic predictions for
the temperature dependence of the thermopower for all
three metals Pt, Au, and Pd, and hence both Au/Pt and
Pt/Pd thermocouples, but it is not suﬃciently accurate
in its current form. The absolute diﬀerence between the
calculated emf and the reference emf is shown in Figure 5.
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Fig. 3. Temperature dependence of thermopower of Au/Pt
(top) and Pt/Pd (bottom) thermocouples. Thick line shows
the thermopower calculated using the method described in
the text. Thin grey line shows the experimentally determined
values [11].

For the Au/Pt thermocouple, the emf diﬀerence diverges
monotonically as the temperature increases, reaching a
maximum corresponding to a temperature diﬀerence of
about 390 ◦ C. The situation is somewhat better for the
Pt/Pd thermocouple, with a monotonic divergence reaching a maximum diﬀerence of about 130 ◦ C at a temperature of about 650 ◦ C; the diﬀerence remains approximately
constant as the temperature increases further. Nonetheless, given the ab initio nature of the calculation and its
associated approximations, it may be considered remarkable that the calculated emf even has the correct order of
magnitude, and describes the measurements qualitatively.
The fact that the calculation is more accurate for
Pt/Pd thermocouples probably arises because the calculated thermopower of Au is the least accurate (this is evident in Fig. 2); there is a similar error introduced in the
calculated thermopower of Pt and Pd, which is largely
eliminated when one is subtracted from the other.

6 Conclusions
A simple model has been presented which makes a prediction of the thermopower of Pt, Au, and Pd. The
predictions are in good qualitative agreement with the
measurements, and describe well certain key features e.g.
pronounced changes in the rate of change of thermopower
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Fig. 4. Temperature dependence of thermocouple emf of
Au/Pt (top) and Pt/Pd (bottom) thermocouples. Thick line
shows the emf calculated using the method described in the
text. Thin grey line shows the experimentally determined
values [11].

Nonetheless, it is suggested that the limiting factor in
this investigation is the ab initio calculation of the density
of states, in which a number of assumptions and approximations are made. The analytical model also contains a
number of simpliﬁcations. Despite these limitations, the
model is suﬃciently accurate to provide a qualitative indication of the likely reference function for a given thermocouple. It is noted that another technique based on calculation of the eﬀect of oxide-induced strain on Pd wire
produces much better agreement with the measured thermopower for that metal [13], although it is unclear how
that technique could be applied to other metals.
It is hoped that future work will focus on reﬁning the
calculation of the density of states, with the aim of providing an accurate, physically based link between thermocouple emf and temperature. A further development
opportunity is to extend the calculation to handle alloys
as well as pure metals. Provided the resulting material has
a crystalline structure, such a calculation is thought to be
feasible.
Reﬁned calculations oﬀer the possibility of predicting
the relationship between emf and temperature for thermocouples of diﬀerent compositions, and could have applications for quantitative predictions of calibration drift based
on composition change due to harsh environments or ionising radiation. Suﬃciently accurate calculations also raise
the prospect, in principle, of the thermocouple being used
as a primary thermometer, in the sense that the temperature can be related to the emf through fundamental physics, rather than relying on calibrations at ﬁxed
temperatures and interpolation by means of ad-hoc polynomial functions.
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