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On the change points of mean residual life and failure rate
functions for some generalized gamma type distributions
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Abstract. Mean residual life and failure rate functions are ubiquitously employed in reliability analysis.
The term of useful period of lifetime distributions of bathtub-shaped failure rate functions is referred to the
flat rigion of this function and has attracted authors and researchers in reliability, actuary, and survival
analysis. In recent years, considering the change points of mean residual life and failure rate functions
has been extensively utelized in determining the optimum burn-in time. In this paper we investigate the
difference between the change points of failure rate and mean residual life functions of some generalized
gamma type distributions due to the capability of these distributions in modeling various bathtub-shaped

failure rate functions.
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1 Introduction

Reliability usually refers to the probability that a com-
ponent or system operates satisfactorily at certain length
of time in which it is required. The gamma distribution
has a wide application in reliability and survival analysis
regarding to its ability of modeling both monotone and
non-monotone failure rate functions. Recently, different
generalized or modified forms of gamma type distributions
have been inspected and used.

Cordeiro et al. [1] introduced exponentiated gener-
alized gamma (EGG) distribution with four parame-
ters, which is flexible to model bathtub shaped fail-
ure rate functions. Besides, including sub-models like
generalized gamma (GG) distribution [2], exponentiated
Weibull (EW) distribution [3,4], exponentiated exponen-
tial (EE) distribution [5, 6], generalized Rayleigh (GR)
distribution [7], etc.

The Kumaraswamy (Kum) distribution [8] is not very
popular in statistical works although it can be widely used
in modeling lifetime data. Jones [9] has explored its back-
ground and compared some properties of Kum and beta
distributions. Its cumulative distribution function (cdf) is:
F(z) =1— (1 —2*)%, while 0 < z < 0o and A, ¢ > 0.
Cordeiro and de Castro [10] indicated that if G(z) is cdf
of a random variable, the cdf of Kum-generalized (KumG)
distribution is defined by:

Flz)=1—-(1- Gx))?. (1)
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Very recently, Pascoa et al. [11] introduced Kumaraswamy
generalized gamma (KumGG) distribution with five pa-
rameters, letting G(z) be the cdf of gamma distribution.
This distribution is flexible for modeling bathtub-shaped
failure rate functions. The EGG distribution and all of
its sub-models could be derived from KumGG distribu-
tion as well. Pascoa et al. [11] illusterated the superiority
of KumGG to some of its sub-models. Using lifetime of
50 components, they reported smaller akaike information
criterion (AIC) and Baysian information criterion (BIC)
values for KumGG model among all fitted models. Also
serum-reversal time of 148 childeren contaminated with
HIV from vertical transmission are studied in [11] and
KumGG model has the lowest AIC and BIC statistics.
In a vast range of research area such as reliability,
actuarial sciences and survival analysis, the relationship
between the failure rate (FR) and mean residual life
(MRL) functions and their corresponding change points of
bathtub-shaped FR distributions has been investigated by
many authors. Gupta and Akman [12] studied the shapes
of the functions and their opposite trends. Mi [13] consid-
ered the turning points of FR and MRL functions. Lim and
Park [14] explored the trend change of continuous MRL.
Mitra and Basu [15] developed general estimation of the
change points for non-monotonic ageing models based on
FR and MRL functions. Salvia [16] analyzed specific situa-
tions on discrete MRL. Guess and Proschan [17] discussed
the trend changes of FR and MRL functions. Ghai and
Mi [18] derived sufficient conditions for the unimodal MRL
to imply the bathtub-shaped failure rate. Tang et al. [19]
looked into the general characteristics of FR and MRL
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for both continuous and discrete lifetime functions. Chen
et al. [20] provided constructing methods of approximate
interval estimation for the change point of FR function.
Bekker and Mi [21] pointed out and corrected some er-
rors in the literature by giving counter examples and new
proofs and a more complete discussion on the shape of
MRL function when the associate FR function is of roller-
coaster shape. Mi [22] developed a general approach of the
shape of FR and MRL functions. Bebbington et al. [23]
estimated the turning point for MRL of a bathtub-shaped
failure distribution. Shen et al. [24] examined the change
point of FR and MRL functions for series and parallel
systems and compared the location of the change points
under increasing the number of components in systems.
Recently, Shafaei et al. [25] studied the change point of
the MRL of some weighted models and showed that the
time maximizing the MRL of the greatest order statistic
precedes the time maximizing the MRL of baseline model.
They also proved that the time maximizing the MRL of
proportional failure rate model increases as the probability
parameter gets larger values.

Among all papers which studied MRL and FR func-
tions and their trends, a few investigated the flatness of
bathtub curve in bathtub-shaped FR distributions which
could determine the useful period of the unit or system.
Xie et al. [26] considered the difference between the FR
function and MRL function change points for some gener-
alized Weibull distributions, since the larger difference be-
tween the change points results the longer flat portion and
also the longer useful lifetime period. Later, Bebbington
et al. [27] proposed a tractable mathematical definition for
the “useful period” of lifetime distributions with bathtub-
shaped FR functions and Bebbington et al. [28] con-
structed an empirical estimator for MRL change piont and
developed a theory for difference between FR and MRL
change points.

In this paper, we consider the difference between the
change points of FR and MRL functions that gives a reli-
able idea of the useful lifetime for some generalized gamma
type distributions: KumGG disribution, EGG distribution
and two of its sub-models which are three-parameter ex-
ponentiated gamma (EG3) and two-parameter exponenti-
ated gamma (EG2). Besides, analyze the influence of pa-
rameters values on the differences of the change points
while they are bathtub-shaped FR distributions.

2 Preliminaries and some generalized gamma
type distributions

If F(t) and f(t) respectively represent the cumulative den-
sity function (cdf) and probability density function (pdf)
for t > 0 as a lifetime random variable,the reliability func-
tion and FR functions respectively are F'(t) = 1—F(t) and

h(t) = % The MRL function m(t) states the expected

remaining lifetime while the product has survived up to
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time ¢, and is mathematically expressed as:
mit)=E[T—t|T >t ="————

According to the definition, m(0) = pu, which is the
mean of the distribution. As was discussed in Muth [29],
there exists a relationship between MRL and FR functions
expressed in the following formula

m/(t) + 1

"=

(2)

Also, Calabria and Pulcini [30] showed that

. . 1
Hm m(t) = lim 2 3)

while the limit of the latter exists and is finite. By equa-
tions (2) and (3), the opposite trend of FR and MRL is
obvious.

Let G(t; o, 8, k) be the cdf of the GG distribution [2]
that is:

7 (k (2)°)

G(t7aaﬁ7k)_ F(If) )

in which a > 0,3 > 0,k > 0,7(k,z) = [j w" e “dw is
the incomplete gamma function and I'(.) is the gamma
function. For properties of GG see Lawless [31]. The
cdf of KumGG distribution is defined by substituting
the G(t;a, 8, k) in equation (1). Therefore its reliability
function is:

o= (-f YY)

where 71 (k,z) = v(k,2)/I'(k). The corresponding pdf of
KumGG distribution is:

wET=L0]
@D )

In model (4), « is scale parameter and 3, A, ¢ and k are
shape parameters. For more details about the properties
of KumGG see Pascoa et al. [11]. Assuming ¢ = 1, the
KumGG distribution reduces into EGG and the respective
pdf is:

flt)=

6—1

(4)
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Fig. 1. The relationship of KumGG distribution and some of
its important sub-models.

A real lifetime example is given by Cordeiro et al. [1] who
found EGG as the appropriate distribution fitting to sur-
vival time of 112 patients after kidney transplant.

Moreover, by letting g ==1land ¢ =F=a =1 we
have the EG3 and EG2 distribution functions respectively.
Real dataset from Lawless [31] referring to the number of
million revolutions before failure for each of 23 ball bear-
ings in the life test, were fitted to a few lifetime distribu-
tions including EG3 by Gupta and Kundu [5].

The two-parameter gamma (G2) and one-parameter
gamma (G1) are also obtained if ¢ = f = A = 1 and
p=0=A=k=1.

Furthermore, EW and EE distributons are respectively
obtained by assuming ¢ = k =1 and ¢ = k = a = 1.
Also, GR distribution is acquired if 8 = 2 in addition to
p=k=1.

Cordeiro et al. [1] showed the relationships of EGG and
all of its sub-models which contains a considerable number
of beneficial distributions. Figure 1 demonstrates the re-
lationships between KumGG, EGG and some of its com-
monly used sub-models. To consider all the sub-models
accurately see [1,11].

3 FR and MRL shapes and change points

KumGG distribution contains all increasing, decreasing,
bathtub-shaped and unimodal failure rate models which
depends on the values of its parameters. This characteris-
tic is advantageous to estimate the individual failure rate
functions and both relative failures and relative times [32].
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Utilizing the definitions, FR and MRL functions for
KumGG distribution respectively are

ity @) E QR
(BT

Different shapes of EGG failure rate function which in-
volves analyzing its first derivative has been inspected
in [1]. Let h; and he respectively indicate KumGG and
EGG failure rate functions, we have h; = ¢ho. Thus the
same conditions for the shapes of EGG distribution are
existing for the shapes of KumGG failure rate function.
In this paper, we only focus on the change points of bath-
tub shaped FR functions therefore we need to have g > 1
and S <1 (see [1,3]).

It is proved that where FR is differentiable bathtub-
shaped with unique change point 0 < 795 < oo, if
h(0)m(0) > 1 then MRL is upside-down bathtub-shaped
with a unique change point ¢ty and satisfying 0 < ty < 79
(see [33]). Earlier, Mi [13] had also shown that the change
point of bathtub-shaped failure rate is greater than or
equal to the change point of its corresponding upside-down
bathtub-shaped MRL. Guess et al. [34] proved the same
theorem.

For some parameter values, the necessary condition to
have 0 < ty < 79 is not always provided in bathtub-shaped
FR functions of KumGG and its sub-models.

As it was stated, studying the bathtub-shaped FR
function results considering the corresponding MRL func-
tion of an opposite trend. Therefore while determining the
FR change point by minimizing the function leads to max-
imizing the MRL function to accurate its change point.

In Figure 2, some FR and MRL functions and their
change points of KumGG distribution with different pa-
rameter values are illustrated. The solid points mark the
locations of the change points. In these graphs change
points of MRL occure before FR change points, though
in KumGG distribution it is not a necessary condition.
Besides, by comparing the parameters with greater values
of k not only the change points distances increase, but also
MRL maximum takes larger values.

4 Length of the useful period
For bathtub-shaped failure rate models the length of sta-

ble period is an important feature since in reality greater
constant region grants a longer time to apply the unit.
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To derive the optimum burn-in time it is a reasonable
method to find the point which maximizes the MRL func-
tion, see Weiss and Dishon [35]. There are other authors
with different point of views on burn-in time, such as Yun
et al. [36], determining the optimal time by minimizing
the total mean cost. Considering the maximum of MRL
as the optimum burn-in time results studying the length
of useful period after the burn-in time [26].

Hence for the bathtub-shaped FR models of the gen-
eralized gamma-type distributions which were previously
introduced, we study the length between the minimum of
FR and maximum of MRL functions as the useful period:
Length = 19 — ty. Besides consider the relative difference
D = Length/1y which could be considered as a scale-free
measure to compare the useful periods. The larger dis-
tance provides a longer stable period so FR function is
flat and curve does not rapidly change its direction.

In Tables 1-5, the FR and MRL change points, their
differences and the relative difference for various parame-
ter values of EG2, EG3, EGG, and KumGG distribution
functions are presented. In the last column of the tables,
the stared values demonstrate the D > 0.9, which is con-
siderably a large relative difference between the change
points.

Apparently the FR and MRL functions change points
and their differences are highly related to the values of
model parameters. In all four employed distributions, in-
creasing the value of k results larger length and averagely
greater D. This effect is better clear while k& > 1. The
other shape parameter A has no clear effect on D for EG2
and EG3 while 0 < k < 1, but as soon as k > 1, a slight
increasing influence of greater A could be recognized. In-
vestigating the effect of A in EGG and KumGG, the di-
rect increasing effect of this parameter for any value of k
is obviuos.

In EG3, EGG and KumGG distributions, the scale pa-
rameter a has no specific effect on the length or D. Con-
sidering different values of « for fixed values of k and A in
EG3, in addition fixed § in EGG and fixed ¢ for KumGG
distributions, make no difference in the change points and
also their distances. The new shape parameter, 3, in EGG

Table 1. Change points and their differences of EG2.

k A To to Length D
0.1 0.01 20.0903 20.0903 0 0
0.1 0.04 8898.8467 5.1931  8893.6543  0.9994*
0.1 0.07 8898.8467 5.1931  8893.6543  0.9994*
0.1 0.1 20.0903 20.0903 0 0
0.1 0.13 8898.8467 5.1931  8893.6543  0.9994*
0.1 0.19 20.0903 20.0903 0 0
0.4 0.01 20.0903 20.0903 0 0
0.4 0.04 27.5546 20.0903 7.4643 0.2709
0.4 0.07 24.1917 23.8535 0.3383 0.014
04 0.1 20.0903 27.5338 —7.4435 —0.3705
0.4 0.13 118.3107 10.1588  108.1519 0.9141%*
0.4 0.16 34.9876 5.1931 29.7945 0.8516
0.7 0.01 23.9822 20.0903 3.8919 0.1623
0.7 0.04 20.0903 26.7617 —6.6713 —0.3321
0.7 0.07 29.4045 20.0903 9.3142 0.3168
0.7 0.1 20.0903 27.6931 —7.6028 —0.3784
0.7 0.13 25.735 25.056 0.6791 0.0264
0.7 0.16 8898.8467 10.1588 8888.6885  0.9989*
0.7 0.19 8898.8467 10.1588 8888.6885  0.9989*
2.5 0.01 3.3412 2.5446 0.7966 0.2384
2.5 0.04 3.2267 2.4307 0.7959 0.2467
2.5 0.07 3.1043 2.3095 0.7948 0.256
2.5 0.1 2.9729 2.1798 0.7931 0.2668
2.5 0.13 2.831 2.0403 0.7907 0.2793
2.5 0.16 2.6768 1.8895 0.7873 0.2941
2.5 0.19 2.5078 1.7254 0.7824 0.312
2.8 0.01 3.3436 2.506 0.8376 0.2505
2.8 0.04 3.2122 2.3753 0.8368 0.2605
2.8 0.07 3.0706 2.2352 0.8354 0.2721
2.8 0.1 2.9173 2.0841 0.8332 0.2856
2.8 0.13 2.75 1.9203 0.8297 0.3017
2.8 0.16 2.5656 1.7412 0.8244 0.3213
2.8 0.19 2.3603 1.5439 0.8164 0.3459

and KumGG distributions has a direct increasing influ-
ence on the difference as it takes greater values. However,
studying the extera shape parameter ¢ in KumGG dis-
tribution decreases the length and also the relative dif-
ference, since increasing the value of ¢ does not alter FR
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Table 2. Change points and their differences of EG3.

102-p5

Table 3. Change points and their differences of EGG.

kE « A To to Length D
0.1 2 0.01 39.9533 39.9533 0 0
0.1 2 0.04 6356.3843 10.1588 6346.2256 0.9984*
0.1 2 0.07 39.9533 39.9533 0 0
0.1 2 0.1 39.9533 39.9533 0 0
0.1 2 0.13 6356.3843 10.1588 6346.2256 0.9984*
0.1 2 0.16 39.9533 39.9533 0 0
0.1 2 0.19 39.9533 43.988 —4.0347 —0.101
0.1 3 0.01 79.6793 79.6793 0 0
0.1 3 0.04 6356.3843 20.0903 6336.2939 0.9968*
0.1 3 0.07 79.6793 66.0234 13.6559 0.1714
0.1 3 0.1 68.5066 63.9686 4.538 0.0662
0.1 3 0.13 6356.3843 20.0903 6336.2939 0.9968*
0.1 3 0.16 70.8347 66.1783 4.6563 0.0657
0.1 3 0.19 723091 67.4928 4.8163 0.0666
0.7 2 0.01 39.9533 45.3167 —5.3633 —0.1342
0.7 2 0.04 50.4958 39.9533 10.5425 0.2088
0.7 2 0.07 57.0259 39.9533 17.0726 0.2994
0.7 2 0.1 51.883 54.8879 —3.0049  —0.0579
0.7 2 0.13 39.9533 48.8337 —8.8804 —0.2223
0.7 2 0.16 6356.3843 20.0903 6336.2939 0.9968*
0.7 2 0.19 39.9533 39.9533 0 0
0.7 5 0.01 79.6793 79.6793 0 0
0.7 5 0.04 159.1313 124.9905  34.1407 0.2145
2.8 3 0.01 10.0309 7.518 2.5129 0.2505
28 3 0.04 9.6365 7.126 2.5105 0.2605
2.8 3 0.07 9.2119 6.7056 2.5063 0.2721
2.8 3 0.13 8.2499 5.7608 2.4891 0.3017
2.8 3 0.19 7.0809 4.6317 2.4491 0.3459
2.8 5 0.01 16.7182 12.5302 4.188 0.2505
28 5 0.04 16.0608 11.8767 4.1841 0.2605
2.8 5 0.07 15.3531 11.176 41771 0.2721
2.8 5 0.13 13.7498 9.6013 4.1485 0.3017
2.8 5 0.19 11.8014 7.7196 4.0818 0.3459

change point while the MRL change point takes a larger
value and also occurs nearer to the FR change point.

If just focus on the maximum of MRLs, they could
reach to significantly large values in EG2 while 0 < k < 1,
although sometimes there is no difference between MRL
and FR turning points. The very high values occur sel-
dom if more shape parameters are included in the model,
as you see in EG3 and specially in EGG distributions.
Besides, there exist values of Length and D which are
less than 0 and that implies 79 < tg. This unsatisfac-
tory event only occurs for EG2 and EG3 distributions,
specially as 0 < k < 1. Therefore, increasing the num-
ber of shape parameters of the model can obviously avoid
the inapproperiate situation. To have a better insight of
parameters effects, see Figures 3-8.

On the left graph of Figure 3, it is demonstrated that
in EG2 there is no clear effect of increasing A while k < 1,
but as soon as k£ > 1, the graph on the right, the larger A
results larger relative distance.

Figure 4 reveals the same conclusion as Figure 3 for
EG3 distribution.

k a f A 0 to Length D
0.1 2 4 001 0.6920 0.3619 0.3301 0.4771
0.1 2 4 007 0.6821 0.3518 0.3303  0.4842
0.1 2 4 016 0.6671 0.3367 0.3304  0.4953
0.1 2 5 001 0.6814 0.3425 0.3389  0.4974
0.1 2 5 0.07 0.6701 0.3307 0.3394  0.5065
0.1 2 5 016 0.6527 0.3128 0.3399  0.5208
0.7 2 5 001 0.7190 0.3516 0.3675 0.5111
0.7 2 5 004 0.6748 0.3066 0.3683  0.5457
0.7 2 5 007 0.6269 0.2597 0.3672 0.5858
07 2 5 01 05745 0.2111 0.3634  0.6325
0.7 2 5 013 0.5165 0.1614 0.3551 0.6875
0.7 2 5 016 0.4513 0.1116 0.3398  0.7528
0.7 2 5 0.19 0.3767 0.0334 0.3433 0.9114*
23 4 3 001 1.8696 0.9589 0.9107  0.4871
23 4 3 004 1.5911 0.6986 0.8926  0.5610
23 4 3 0.07 1.2693 0.4252 0.8441 0.6650
23 4 3 0.1 0.8816 0.1607 0.7209  0.8178
23 4 3 0.13 0.3696 0.0334 0.3362  0.9097*
23 4 3 0.16 0.0334 0.0334 0.0000  0.0000
23 4 3 019 0.0334 0.0334 0.0000  0.0000
23 4 4 001 1.6353 0.7859 0.8494  0.5194
23 4 4 004 1.3168 0.4870 0.8298  0.6302
23 4 4 007 0.9059 0.1764 0.7295 0.8052
26 5 2 001 34306 1.9433 1.4873  0.4335
26 5 2 0.04 3.0288 1.5718 1.4570 0.4811
26 5 2 0.07 25831 1.1804 1.4027 0.5430
26 5 2 0.13 1.5216 0.3855 1.1361 0.7467
26 5 2 0.16 0.8712 0.0749 0.7963 0.9140*
26 5 3 0.01 23774 1.2093 1.1682 0.4914
26 5 3 004 1.9698 0.8315 1.1384  0.5779
26 5 3 007 1.4857 0.4359 1.0498  0.7066
26 5 3 0.1 08724 0.0509 0.8215 0.9417*
26 5 3 013 0.188 0.0334 0.1552 0.8230
26 5 3 016 0.188 0.0334 0.1552 0.8230
26 5 3 019 0.1838 0.0334 0.1552 0.8230

The lowest curve in Figure 5 belongs to § = 2 and
curves go to the upper locations when [ takes larger values
in EGG distribution.

In Figure 6, the most important point is that for all
values of k, the value of X\ has a direct effect on the value
of D in KumGG distribution.

The direct increasing effect of larger values of 3 on the
values of D for KumGG is shown in Figure 7.

Figure 8 illustrates that the value of a has no effect on
the relative diffrence. It also shows the effect of larger k
which results larger D; because, in every parallel paire of
lines the upper line belongs to the £ = 1.3 and the lower
one refers to k = 0.1. This difference will gradually de-
crease as soon as parameter ¢ takes larger values. Besides,
the decreasing effect of ¢ is clear in shifting the horizontal
trend lines to lower values on D axis.

Ultimately, it is necessary to mention that some change
points do not occur in the essential condition of ¢ > 0.
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Table 4. Change points and their differences of KumGG, 0 <
k<1
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Table 5. Change points and their differences of KumGG,
k> 1.

kK o B A 10} To to Length D
0.1 2 5 001 0.5 0.6814 0.2322 0.4492 0.6592
0.1 2 5 001 2 0.6814 0.4536 0.2278 0.3343
01 2 5 0.01 3 0.6814 0.51 0.1714  0.2515
01 2 5 001 4 0.6814 0.5442 0.1372 0.2014
01 2 5 001 5 0.6814 0.5671 0.1143 0.1677
0.1 2 5 0.07 05 0.6701 0.2223 0.4478 0.6683
01 2 5 007 2 0.6701 0441 0.2291 0.3419
0.1 2 5 007 3 0.6701 04973 0.1728 0.2578
0.1 2 5 007 4 0.6701 0.5316 0.1385 0.2067
0.1 2 5 007 5 0.6701 0.5546 0.1155 0.1723
01 2 5 0.1 0.5 0.6644 0.2173 0.447 0.6729
01 2 5 01 2 0.6644 0.4346 0.2298 0.3458
01 2 5 0.1 3 0.6644 0.4909 0.1734 0.2611
01 2 5 0.1 4 0.6644 0.5252 0.1391 0.2094
01 2 5 0.1 5 0.6644 0.5483 0.1161 0.1747
0.1 2 5 013 2 0.6586 0.4282 0.2304 0.3499
01 2 5 013 3 0.6586 0.4844 0.1741 0.2644
0.1 2 5 013 4 0.6586 0.5188 0.1398 0.2122
0.1 2 5 013 5 0.6586 0.5419 0.1167 0.1771
0.1 2 5 019 05 0.6468 0.2023 0.4445 0.6872
01 2 5 019 2 0.6468 0.4151 0.2317 0.3582
0.1 2 5 019 3 0.6468 0.4713 0.1755 0.2713
01 2 5 019 4 0.6468 0.5057 0.1411 0.2181
01 2 5 019 5 0.6468 0.5289 0.1179 0.1822

Of course, these cases would never be naturally studied in
real life; however, it could be advantagous to know that
the occurence of these change points is so rare in EGG and
never happens in KumGG. Therefore, by exponentiating
GG and then EGG distributions, we approach to distri-
butions of a higher capability of fitting to the real lifetime
data.

5 More investigation

The effect of the models parameters on the relative dis-
tance D, specially the greater possible distances, has been
discussed so far. It would be of great importance to con-
sider the relative distance as it is D = 0, which is obviously
the direct result of Length = 0. Here, we investigate this
event in a general approach and look for the conditions in
which the FR and MRL change points take equal values
while not assuming any particular lifetime distributions,
i.e., consider h/(t) = m/(t) or equivalently h(t) +c = m(t)
where ¢ is a constant parameter. Consequently ought to
solve the following equation

kK o B A 1) To to Length D
23 2 5 0.01 1.5 0.7664 0.4294 0.337 0.4397
23 2 5 0.01 2 0.7664 0.4833 0.2831 0.3694
23 2 5 001 3 0.7664 0.5521 0.2142 0.2795
23 2 5 001 4 0.7664 0.5943 0.1721 0.2246
23 2 5 001 5 0.7664 0.6227 0.1437 0.1875
23 2 5 0.04 05 0.5747 0.0881 0.4866 0.8466
23 2 5 0.04 1.5 0.5747 0.2361 0.3386 0.5892

3 2 2 0.01 05 1.4156 0.5655 0.8501 0.6005

3 2 2 001 1.5 14156 0.9248 0.4907 0.3467

3 2 2 001 2 14156 1.0101 0.4055 0.2864

3 2 2 001 3 14156 1.1146 0.301 0.2126

3 2 2 001 4 14156 1.1763 0.2393 0.169

3 2 2 001 5 14156 1.217 0.1986 0.1403

3 2 2 004 05 1.2221 04173 0.8049 0.6586

3 2 2 004 15 1.2221 0.7353 0.4868 0.3983

3 2 2 004 2 12221 0.8152 0.4069 0.333

3 2 2 004 3 1.2221 009155 0.3066 0.2509

3 2 2 004 4 12221 0976 0.2461 0.2014

3 2 2 004 5 1.2221 1.0166 0.2055 0.1682

3 2 2 0.07 05 1.0032 0.2681 0.7351 0.7328

3 2 2 0.07 15 1.0032 0.53 0.4732 0.4717

3 2 2 0.07 2 1.0032 0.6012 0.402 0.4008

3 2 2 0.07 3 1.0032 0.6937 0.3095 0.3085

3 2 2 007 4 1.0032 0.7515 0.2517 0.2509

3 2 2 007 5 10032 0.791 0.2122 0.2116

3 2 2 01 05 07525 0.1283 0.6241 0.8294

3 2 2 01 2 07525 037 0.3825 0.5083

3 2 2 01 3 0.7525 0.4484 0.3041 0.4041

3 2 2 01 4 07525 0.4999 0.2526 0.3357

differentiating (5) we have
—cf(t)+ f'(t) = —F (1),

letting F(t) = y the below differential equation is resulted

/

y' —ey +y=0,
to solve above differential equation we have
22 —cz+1=0, (6)
1
2=5 (c:l: \/02—4).
The answer of (6) is conditioned on the delta’s value:

1. If ¢2 =4 > 0 then z = % which ¢; and ¢y are
conctant parameters, therefore

c1tes c1—co

F(t)=rie 2 thrge =t

while 1 and ro are constant parameters
2. If =4 =0 then z = %cand

F(t) = (11 + rat)e??

where 1 and r9 are constant parameters;
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." - 6 Conclusion
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- - - . .
. -; - - — This paper analysed the distance between the FR and
05f 2= - MRL change points in KumGG, EGG, EG3, and EG2
[ = e as the useful period of these lifetime distributions which
‘ ‘ ‘ N provides a guaranteed working period of units or systems
0.05 0.10 0.15 lifetimes following the aforementioned distributions. Gen-
[ erally speaking, the larger the shape parameters are, the
03¢ longer the distance will be. Consequently, units which
Fig. 5. The trend of D for different values of A in EGG dis- could be modeled with larger shape parameters are ex-
tribution. In all graphs k = 0.7, « = 2,3,4,5 and “—": 3 =2; pected to live longer whereas varying scale parameter in
LT B=3 T B=4 -7 B =5, EG3, EGG and KumGG makes no change on the useful

3. If —4 < 0 then z = a+ib where a and b, respectively,
are real and imaginary partials, so

F(t) = e [Acos(bt) + Bsin(bt)],

in which A and B are constant parameters. -
Considering the D = 0 values and corresponding F()
models, one can conclude that the second type of

period. Besides, investigating the general model of distri-
bution functions in which FR and MRL change points
coincide, led to three conditioned distribution models
and explained why EG2 and EG3 distributions for some
particular parameter values offer no useful period.

If any parameter setting could be possible, decreasing
the number of shape parameters and specifying particular
range of k(k > 1) can result considerably long useful
period and large MRL maximum.
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