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Abstract. In this paper, we describe techniques for evaluating the uncertainties associated with the assessment of form error, i.e., the departure from ideal geometry of a manufactured part, in coordinate metrology.
The techniques take into account measurement uncertainty, sampling eﬀects due to the fact that the form
error is determined from a ﬁnite set of coordinate data points, and the spatial correlation of the form
errors. The techniques are designed to be practical, without the need for complex computation.
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1 Introduction
Form error refers to the departure from ideal geometry for
a manufactured part. In coordinate metrology, form error
is inferred from the analysis of coordinate data representing points X = {xi , i = 1, . . . , m} on the surface of the
manufactured part. We assume the ideal geometry can be
represented by a parametric surface u → S(u, b) where
u are the patch parameters determining the location of
a point on the surface and b are parameters determining
the position, size and shape of the surface. For example,
a circle with centre coordinates (x0 , y0 )T and radius r0 is
speciﬁed by
u → C(u, b) = (x0 + r0 cos u, y0 + r0 sin u)T ,
where b = (x0 , y0 , r0 )T . Given data points X, the best
ﬁt parameters of the surface is found by minimising some
aggregate measure involving the distances d(xi , b) where
d(x, b) is the (signed) orthogonal distance from the point
x to the surface S(u, b) [1–13]. For example, Gaussian or
Chebyshev criteria are often used:

d2 (xi , b), min max |d(xi , b)|.
min
i
b
b i
For the case of a circle,
1/2

− r0 .
d(x, b) = (x − x0 )2 + (y − y0 )2
For other standard geometric shapes such as a plane,
sphere, cylinder and cone, the distance function can be
determined analytically. For free form surfaces numerical methods are usually required to evaluate the distance
function.
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Once the ﬁtted surface has been determined, the residual distances di = d(xi , b) at the solution estimate the
departure fi from ideal geometry of the surface near xi
and the form error FE for the complete surface is estimated by FE = maxi di − mini di . We wish to evaluate
the uncertainty associated with this estimate taking into
account two inﬂuence factors. The ﬁrst is the fact that the
measured values will be subject to random and possibly
systematic eﬀects that will tend to lead to an overestimate
of the form error. For example, measuring a perfect geometry with a noisy instrument will always lead to a non-zero
estimate of the form error. The second inﬂuence factor relates to the sampling eﬀect, reﬂecting the fact that the
form error is determined from a ﬁnite, discrete sample of
the surface and is therefore likely to underestimate the
form error of the complete surface.
The rest of this paper is organised as follows. In Section 2, we describe analysis methods based on a simple
model of form error using rectangular distributions while
in Section 3 we consider models that attempt to take into
account the spatial correlation of form error. Section 4 discusses the approaches in Sections 2 and 3 and how they
can be extended. Our concluding remarks are given in
Section 5.

2 Models of form error based on rectangular
distributions
In this section, we assume that the form error fi associated with a point si = S(ui , b) on the ideal surface is
modelled as belonging to a rectangular distribution whose
parameters are related to the form error FE for the complete surface. The goal is to make inferences about the
form error on the basis of the observed estimates of the
form error.
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2.1 Symmetric rectangular distribution
Suppose that f = (f1 , . . . , fm )T are random, independent
draws from a rectangular distribution R(−F, F ),
fi ∈ R(−F, F ).

(1)

Having observed, fi , i = 1, . . . , m, what can be said about
F ? Bayesian inference [14–17] can be used to provide an
answer to this question. The density associated with the
probability of observing f , given F , is given by
p(f |F ) =

1 1
,
2m F m

if F ≥ F0 = maxi |fi |, and zero otherwise. Given a prior
distribution p(F ) for F and applying Bayes’ theorem the
posterior distribution for F , given f , is such that
p(F |f ) ∝ p(f |F )p(F ).
Treating F as a scale parameter, a suitable noninformative
prior for F is p(F ) ∝ 1/F , and with this choice
p(F |f ) ∝

1
,
F m+1

F ≥ F0

mF0m
,
F m+1

(2)

with mean
E(F |F0 , m) =

mF0
,
m−1

var(F |F0 , m) =

F0
m−1

2

F2
2
+ σM
.
3
If sD is the standard deviation of the residual distances,

1 
¯ 2 , d¯ = 1
(di − d)
di ,
s2D =
m−1 i
m i

2
F̂ 2 = 3(s2D − σM
)

m > 2.

The quartiles of this distribution are such that if f =
F0 /α1/m , then
Pr(F ≥ f |F0 , m) = α.

2.1.1 Incorporating measurement uncertainty
The above calculations assume that the observed residual
distances di are accurate estimates of the form errors fi
associated with the surface. Suppose now that
di = fi + i ,
fi ∈ R(−F, F ),

2
i ∈ N(0, σM
),

(3)
(4)

(5)

if sD > σM and is zero otherwise.
An analysis based on Bayesian inference is also possible. We have

p(di |F ) = p(di , fi |F )dfi ,
and

Example calculations are given in Table 1. For example,
if m = 8 and a value for F0 = 0.010 mm is observed,
then there is a 10% probability that F is greater than
0.01 × 1.33 = 0.013 mm, according to this model.

with

Q95
4.47
2.71
2.11
1.65
1.45
1.35
1.22
1.16
1.11
1.06

then F is estimated by F̂ where

m > 1,

m
,
m−2

Q90
3.16
2.15
1.78
1.47
1.33
1.26
1.17
1.12
1.08
1.05

reﬂecting random eﬀects associated with the measured
values drawn from a Gaussian distribution with standard
deviation σM . What now can be said about F , given that
d = (d1 , . . . , dm )T has been observed? A quick estimate
of F can be derived as follows. Since the variance of the
rectangular distribution R(−F, F ) is F 2 /3, then according to the model (and again assuming independence) the
di are draws from a distribution with variance

and variance


Q50
1.41
1.26
1.19
1.12
1.09
1.07
1.05
1.04
1.02
1.01

Table 1. Mean and speciﬁed quartiles associated with the
Pareto distribution p(F |F0 ) in (2) for F0 = 1 and diﬀerent
values of m.

and is zero elsewhere. In fact p(F |f ) has a Pareto
distribution [18]
p(F |F0 , m) =

μ
2.00
1.50
1.33
1.20
1.14
1.11
1.07
1.05
1.03
1.02

p(di , fi |F ) = p(di |fi , F )p(fi |F ).

The ﬁrst density on the right is that associated with the
2
Gaussian distribution N(fi , σM
) and the second, that associated with R(−F, F ). As a result,
 F
1
p(di |F ) =
p(di |f, σM )df.
(6)
2F −F
This integral can be evaluated using the error function
erf: if p(x|μ, σ) is the density associated with the Gaussian
distribution N(μ, σ 2 ) then
 B
p(x|μ, σ)dx,
I(μ, σ, A, B) =
A




B−μ
A−μ
1
1
= erf √
− erf √
. (7)
2
2
2σ
2σ
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Let U = maxi fi , L = mini fi , F0 = (U − L)/2 and A0 =
(U + L)/2. If the joint prior distribution p(F, A) for F and
A is p(F, A) ∝ 1/F , then

p(F|f)
p(F|d)

800
700

p(F)

600

p(F, A|F0 , U0 ) =

500

m(m − 1) m−1 1
F0
,
2
F m+1

if F ≥ F0 and

400

A ∈ [A0 − (F − F0 ), A0 + (F − F0 )],

300
200

and is zero elsewhere. The marginalised posterior distributions are

100
0
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Fig. 1. Posterior densities p(F |f ) and p(F |d) derived according to models (1) and (3)–(4), respectively, for eight observations generated at random with F = 0.010 mm and
σM = 0.002 mm.

Applying Bayes’ theorem
p(F |d) ∝ p(d|F )p(F )
m
1 
∝ m+1
I(di , σM , −F, F ).
F
i=1

1 1
.
2m F m

if F ≥ F0 , and is zero elsewhere, and
m − 1 m−1
F0
p(A|F0 , A0 ) =
2



1
F0 + |A − A0 |

m
.

(11)

2.2.1 Incorporating measurement uncertainty

Now suppose fi , i = 1, . . . , m are draws from a rectangular
distribution R(A − F, A + F ),

p(f |F, A, m) =

(10)

(8)

2.2 Asymmetric rectangular distribution

so that

1
,
F m+1

The means of these two distributions are mF0 /(m − 2),
m > 2, and A0 , respectively.

The integrating constant associated with the distribution,
and the distribution mean, variance and quartiles, etc.,
can be determined using numerical integration [19]. This
distribution can be used to make inferences about F , taking into account the measurement uncertainty associated
with the evaluated residual distances, according to the
model in (3)–(4).
Figure 1 shows posterior distributions for eight observations generated according to model (3)–(4) with
F = 0.010 mm and σM = 0.002 mm. For this data set
F0 = maxi di = 0.0094 mm. The distribution p(F |f ), Figure 1 (solid curve), is the Pareto distribution p(F |F0 =
0.009 4, m = 8) derived from the data and ignores measurement uncertainty. The mean of this distribution is
mF0 /(m − 1) = 0.0107 mm. The estimate F̂ given by (5)
is F̂ = 0.0110 mm.
The distribution p(F |d), Figure 1 (dotted curve), is
derived according to (8). While the distribution p(F |f )
assigns no probability mass to values of F < F0 , the distribution p(F |d) takes into account the measurement uncertainty to provide a smoother, Gaussian-like cut oﬀ. The
mean of the distribution p(F |d) is 0.0102 mm.

fi ∈ R(A − F, A + F ),

p(F |F0 , A0 ) = m(m − 1)(F − F0 )F0m−1

(9)

Suppose that
di = fi + i

(12)

with
fi ∈ R(A − F, A + F ),

2
i ∈ N(0, σM
).

(13)

Given d and σM , the quantity F̂ given in (5) is an estimate
of F , also. Using a Bayesian approach, we have
p(F, A|d) ∝

1
F m+1

m


I(di , σM , A − F, A + F ),

(14)

i=1

where the integrals I(di , σM , A − F, A + F ) are evaluated
using (7). The integration constant, marginal distributions
p(F |d), p(A|d), means, etc., can be determined using numerical quadrature in one or two dimensions.
Figure 2 shows posterior distributions for eight observations generated according to model (3)–(4) with
F = 0.010 mm and σM = 0.002 mm. For this data
set, F0 = (maxi di − mini di )/2 = 0.0087 mm and A0 =
(maxi di + mini di )/2 = −0.0007 mm. The distribution
p(F |f ), Figure 2 (solid curve), is the distribution deﬁned
by F0 and A0 in (10) and ignores measurement uncertainty. Compared with p(F |f ) in Figure 1, the cut-oﬀ is
less abrupt due to the fact that A is also uncertain. The
mean of this distribution is mF0 /(m − 2) = 0.0115 mm.
The distribution p(F |d), Figure 2 (dotted curve), is calculated from (14) and numerical marginalisation. The mean
of this distribution is 0.0112 mm.
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ance models of the form
cov(f, f  ) = k(s, s ),

250

where the covariance of f with f  depends on the spatial
locations, s and s through the kernel k. For example, we
can choose a squared exponential kernel

p(F)

200
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k(s, s |σ F ) = σ 2 exp −
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Fig. 2. Posterior densities p(F |f ) and p(F |d) derived according to models (9), and (12)–(13), respectively, for eight
observations generated at random with F = 0.0100 mm,
A = 0.0000 mm and σM = 0.002 mm.
450
p(A|f)
p(A|d)

400

f1
f2

300

p(A)

+ σ02 δ(s, s ).

Here, σ F = (σ, σ0 , λ)T , where σ 2 represents the variance
of the form error over the complete surface, λ deﬁnes the
length scale for the spatial correlation, σ02 the variance of
the form error at very short length scales due to roughness eﬀects, for example, and δ(s, s ) = 1 if s = s and
is zero otherwise. The idea of a GP approach is to use
measurements of the form error at points on the surface
to estimate the form error at unmeasured points on the
strength of the spatial correlation. Let f 1 be the form errors fi at spatial locations si , i ∈ I1 and f 2 be those at
locations at si , i ∈ I2 . Before any measurement is made,
our prior model is that

350

∼ N(0, V )

(15)

where variance matrix V is deﬁned by the correlation
kernel
Vij = k(si , sj ) ≈ k(xi , xj ).

250
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Fig. 3. Posterior densities p(A|f ) and p(A|d) derived according to models (9), and (12)–(13), respectively, for eight
observations generated at random with F = 0.0100 mm,
A = 0.0000 mm and σM = 0.002 mm.

We determine the Cholesky factorisation [21] of V so that
V = LLT and partition L corresponding to the index sets
Ik , k = 1, 2:
L11
L=
.
L21 L22
Hence the prior information (15) is equivalent to
f1
f2

=

L11
L21 L22

e1
,
e2

with
e1
e2

3 Spatially correlated form error models
The models and inference approaches for estimating form
error discussed in the previous section do not take into
account the locations of the points on the surface si at
which the form error is estimated. In particular, the form
errors are modelled as being independently distributed.
However, our experience suggests that for many if not all
applications that the form error is likely to vary somewhat
smoothly and that the form error at a location is a reasonable guide to the size of the form error at nearby locations.
We use a Gaussian Process (GP) approach [20] to model
this spatial correlation. A simple implementation is given
below.
Suppose that f and f  are the form errors associated
with locations s and s , respectively. We consider covari-

∼ N(0, I).

(16)

Now suppose we record observations d1 of the form errors f 1 according to the model
d1 = f 1 + 1 ,

2
1 ∈ N(0, σM
).

(17)

The prior information about e1 in (16) can be combined
with the measurement information (17) about f 1 = L11 e2
to obtain updated information
e1 |d1 ∼ N(ê1 , Ve1 )
where ê1 is the solution of the least squares system
Ae1 = c, with
A=

L11 /σM
,
I

c=

d1 /σM
,
0
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Fig. 4. Representation of the form of a circular artefact (solid
curve), measured coordinates (circles), the best estimate of the
form (dashes), reconstructed on the basis of the measured data
and the spatial correlation, the uncertainty band representing
plus and minus two standard deviations for the form (dots).

and


−1
.
Ve1 = AT A
Given d1 , the posterior distribution for f 1 |d1 is

The measurements d1 provide no information about e2 ,
so e2 |d1 ∼ N(0, I), as before, so that
(18)

T
with V2 = L21 Ve1 LT
21 + L22 L22 . In this
surements d1 are used to provide updated

way, the meaestimates of f 2
along with the associated variance matrix.
A posterior distribution for the form error FE can be
determined using a Monte Carlo approach by sampling
f q ∈ N(L21 ê1 , V2 ) and then evaluating
FE,q = max fi,q − min fi,q .
i

i

0.006

0.008

0.01
(F /2)/mm

0.012

0.014

0.016

E

Fig. 5. Sampled form error FE,q /2 calculated as in equations (18) and (19) for data shown in Figure 4.

4 Discussion

f 1 |d1 ∼ N(L11 ê1 , L11 Ve1 LT
11 ).

f 2 |d1 ∼ N(L21 ê1 , V2 )

0
0.004

(19)

The sampled vector of form errors f q can be determined
as follows. If V2 has Cholesky factorisation V2 = L2 LT
2
then we draw eq ∈ N(0, I) and set
f q = L21 ê1 + L2 eq .
Figure 4 shows the form of a circular artefact (solid curve),
measured coordinates (circles), the best estimate of the
form (dashes), reconstructed on the basis of the measured
data and the spatial correlation, the uncertainty band representing plus and minus two standard deviations for the
form (dots). The uncertainty band narrows around the
measurement points. The size of the form error has been
greatly magniﬁed to show the eﬀects.
Figure 5 is a histogram representation of the distribution for FE /2, derived using Monte Carlo samples for data
associated with Figure 4. The mean of the sampled FE,q /2
was 0.0098 mm with an associated standard deviation of
0.0015 mm.

The approaches described in Sections 2 and 3 above have
been concerned with evaluating the uncertainty associated
the estimate of form error on the basis of measured data.
The main aim has been to provide evaluated uncertainties
that make modest computation demand both in terms of
computation time and algorithmic complexity. The approaches in Section 2 have involved distributions that can
be deﬁned analytically or involve numerical integration
along one or two axes. The techniques described in Section 3 involving spatial correlation require computational
approaches that one uses regularly in least squares parameter estimation [22]. However, the approaches do rely on
a number of assumptions, as discussed below.
The approaches assume that the measurement system is well-characterised so that σM is known and that
the measurements are statistically independent, e.g., d ∈
2
N(f , σM
I). The calculations associated with rectangular
distribution in Section 2 make signiﬁcant use of these assumptions in order to derive semi-analytical expressions.
A more general approach is to assume that
d ∼ N(f , V (σ M ))
where the variance matrix V (σ M ) associated with the
measured results d depends on statistical parameters
V (σ M ) associated with aspects of the measurement system. For example, dealing with data gathered by a coordinate measuring machine (CMM) the parameters σ M could
characterise random eﬀects and also scale, squareness and
other kinematic errors associated with the CMM [7,8,23].
Similarly, for the GP approach, the variance matrix
V (σ F ) specifying the spatial correlation of the form error depends on statistical parameters σ F . Rather than regarding these parameters as ﬁxed, it may be more realistic
to regard them as additional hyper-parameters for where
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there is prior information in the form of prior distributions and to use the measurement data to provide updated
distributions for these parameters. In a Gaussian process
(GP) setting, there is algorithmic machinery to deal with
this case and so, if necessary, the simple approach described in Section 3 could be extended to take account this
more general model. For such generalisations, the semianalytical approaches described in Section 2 would have
to give way to more numerical procedures such as Markov
chain Monte Carlo methods [15, 24].
The approaches also ignore that the fact that the estimates di of the form error fi at the points si on the
surface are determined as a result of surface ﬁtting and
are therefore subject to a correlating eﬀect associated with
the ﬁtting. The GP approaches can accommodate this fact
easily if the surface ﬁtting is according to a least squares
criterion (or a generalised least squares approach [25]) but
there are considerable complications if a Chebyshev (minimum zone) approach is implemented.

5 Summary and concluding remarks
This paper has been concerned with the evaluating the
uncertainty associated with the assessment of form error
taking into account measurement uncertainty and sampling eﬀects. We have described simple, semi-analytical
approaches based on rectangular distributions and slightly
more comprehensive Gaussian process (GP) models that
take into account the likely spatial correlation of form
error. These methods are aimed at deriving uncertainty
estimates without excessively complicated computational
machinery. The GP model can be extend quite considerably, especially in an oﬀ-line context, where it is required
to design a measurement strategy that will be evaluate
form error to within pre-assigned.
Acknowledgements. This work was funded by the UK’s National Measurement Oﬃce programme for Mathematics and
Modelling.
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