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Two models for linear comparative calibration
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Abstract. We consider the comparative calibration problem in the case when linear relationship is assumed
between two considered measuring devices with possibly different units and precisions. The first method
for obtaining the approximate confidence region for unknown parameters of the calibration line applies the
maximum likelihood estimators of the unknown parameters. The second method is based on estimation of
the calibration line via replicated errors-in-variables model. Essential point in this approach is approxima-
tion of the small sample distribution of the Wald-type test statistic. This enables to construct the interval

estimators for the multiple-use calibration case.
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1 Introduction

We consider the problem of comparative calibration in
small sample case. This paper presents two methods for
obtaining the approximate confidence region for unknown
parameters of the calibration line and to construct the
interval estimators for the multiple-use calibration case.
This is useful for linear univariate comparative calibration
problem with possibly different and unknown precisions
of both measuring devices and enables to construct the
interval estimators for the unknown quantity in multiple-
use calibration case.

The first method for obtaining the approximate confi-
dence region for unknown parameters of the calibration
line applies the maximum likelihood estimators (MLE)
of the unknown parameters and relies on the asymptotic
properties of the MLEs which are used for construction
of the Scheffé-type confidence region for the calibration
line. From statistical point of view, the second method is
based on the linear errors-in-variables (EIV) model. In a
standard situation, the estimators of the calibration func-
tion parameters are based on minimization of the weighted
total sum of squares in the orthogonal regression with
weights inversely proportional to the true standard de-
viations. If the true standard deviations are (partially or
completely) unknown, and should be estimated from the
measurements, we suggest to use an alternative iterative
algorithm based on locally linearized model for parameter
estimation that allows to consider the problem of deriving
the approximate confidence region for the parameters. The

* Correspondence: wimmer@mat.savba.sk

confidence limits are derived using the concept of Kenward
and Roger, see [1] and also [2-5].

The suggested estimation methods enables to con-
struct the interval estimators for the multiple-use calibra-
tion case. In this paper we present and illustrate both
methods for construction the approximate confidence in-
terval for the true value of the measurand (in units of the
more precise device) in the multiple-use calibration case.

2 Methods

2.1 Estimation of the calibration line parameters
via maximum likelihood method

Let us have measurements Xq1, Y11,..., Xn1, Yu1. We sup-
pose that the measurements are normally distributed, in-
dependent and it is valid that the mean value of Y;; is

EYn)=a+bu;, i=1,2,...,n,

where ; is the mean value of X;; and a, b are the unknown
parameters of the calibration line (more see in [6]). We
consider this group of 2n measurements as one (single)
experiment. The likelihood function of the random vector
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We shall assume that this experiment is repeated inde-
pendently m-times. The r-th experiment is modeled by
the random vector (X1, Yir,..., Xnr, Yar)'. The likeli-
hood function of the whole calibration experiment (con-
sisting of m experiments) is
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(convergence in distribution). The asymptotic covariance
matrix of the likelidood estimator (a,b)” is
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(x3(1 — «) is the (1 — a)-quantile of the x? distribution
with 2 degrees of freedom).
From that we obtain the ML (approximative, asymp-
totic) (1 — «)-confidence region for (a,b)’
(1- a)} .
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2.2 Estimation of the calibration line parameters
via replicated errors-in-variables model

)

ML
Cliza) =

Calibration experiment we can model using EIV model

Yi=a+Bpi+&, Xi=p+d

(ei ~ N(0,0%),6; ~ N(0,0%) independent). Written in
another way

EYi) = a+ Bui,  E(Xi) = i

Vectors of errorless measurements realized using instru-
ments A and B are p = (u1,pu2,...,04,) and v =
(v1,v9,...,1,)". Vector of measurements with instrument
Ais X1 ~ N(p;021,,,). Vector of measurements with
instrument B is Y, 1 ~ N(V;ngn,n). We obtain the

(3)~~1()-(5" )

with condition on parameters
v=al,;+ by,
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where 1,7 = (1,1,...,1)’. First we linearize the
model using Taylor series in a neighborhood of p, =
(101, 1025 - - - fon)" @ bo (some values near the reality p
ab). Now p = g+ 0, b = by + 0b and the new model
parameters are op = (0pu1,0pta, ..., 0pn)’, v, a,0b, 02, 0%
We get the (approximative) linear regression model

()=o) (3] o

with (linear) conditions on parameters

bogt + (b — T) (‘2‘) (1, ) (;b) —0. (2

Dispersions o2 and UZ are unknown. One possibility to
estimate them are the (02y,0.,)-MINQUE estimators
(minimum norm quadratic unbiased estimator). As this
estimators do not exist in model (1)—(2), we need to re-
peat the whole experiment m times independently. The

repeated measurements are X; = (X;1,...,X;,), Y; =

(Yi1,...,Y), i =1,...,m. The best linear unbiased es-
timators p, v, a,db in replicated model are (see [2])
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(02, 050)—MINQUE estimators of 02 and 05 in replicated
model are
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m

o= (Y;=Y)(Y;=Y)+m(Y — ) (Y — b).
j=1
The covariance matrix of the estimators (6) (local in the
values (02, 050)) is

w11 W
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A natural choice of the initial values resulting from the
measurements can be as follows

- nX'Y - (1'X)1'Y
po— X,y XY />g )
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7,131
2 _
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7,131

Further the estimates are computed as follows: a, b
from (5), i from (3), ¥ from (4), 62 and 6, from (6).
The estimation procedure is iterative till the convergence
is reached (usually in 4-5 steps). After the procedure is
finished, computed is the covariance matrix W accord-
ing to (7).

We have obtained

a—a N 0\ bhos "‘U n 1, !

b—b 0/ m mol popg '
To emphasize dependence of the distribution on the pa-
rameters (02, 02), we will alternatively denote the covari-

x? Yy
ance matrix of the distribution also by ®(o2,07). If the
are known, (1 —«)-confidence region for

-,

parameters o, Ty
parameters a, b is
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If o2, O'y are unknown, we apply the procedure suggested
by Kenward and Roger, see [1], to obtain the adjusted
Wald-type statistic and its approximate F-distribution.
This procedure was suggested for small range of measured

data (in our case small m,n). Kenward and Roger pro-
posed a modified estimator of the matrix ® of the form
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where & = ®(62,67),wi; = {W}i; (W is given in (7))

2

and 07 = 02,03 = 05. After computations we obtain

ZZ Wij 80260 =9

i=1 j=1

so & 4= &. The modified estimator ® 4 1s recommended
to use in the statistics

1 (a—a\ 1 fa—a
F_§<I3—b) i (z;_b>~
Further approximation of F' is in such a way that \F' is
F,,, distributed (Fisher-Snedecor distribution with 2 and

u degrees of freedom). Analogically as Kenward and Roger
considerations after tedious computations we obtain

A=1

and
b2 2 2( —1n

oy
by + 0y

u=(mn—2)+

If the true values of calibration line coefficients are a and
b, then the following (approximative) distribution is valid:

P 1 m a—a\' [ n 1 pg
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(Fyu(1 — «) is the (1 — a)-quantile of Fy,, distribution).
So,
(BIV) _ ) (a) . m (BIV) < _
) ~{ () amprrag ™ S Pt -0

is the EIV (approximative) (1 — «)-confidence region
for (a,b)’.
3 Results

3.1 Scheffé-type confidence region for the calibration
line

By applying the Scheffé’s method, see [7], we directly get
the 100 x (1 — a)%-confidence region for the calibration
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line a+bp for all p. In the case of the maximum likelihood
method we get

Pr }(a+6u)—(a+bu)}

b252 + 62 (1 — )2
S X%(l — Oé)iy -+ N///f, M):Q = 1—06,
m no O fu—nf

where i = (jir, .. fin) and fi = (1'f2) /n.
In the case of using the errors-in-variables model and
the Kenward-Roger approximation we get

Pr ’(d+5u)—(a+bu)’

b262+62 /1
< \/2F27u(1—oz) 0z v <—+

m \n g

)

(9)

where jig = (1'pg)/n.

This is directly used for the multiple-use linear
univariate calibration, i.e. for measuring with calibrated
device.

3.2 Multiple-use calibration — measuring
with calibrated device

We will assume that the future measurement realized by
the calibrated (less precise) measurement device A, say
x, is a realization of a random variable X, distributed
as X ~ N(pg,02), where i, represents the unobservable
true value of the measurand.

First, we suggest to construct the approximate (1 —«)-
confidence region for the calibration line, for small sig-
nificance level o € (0,1), chosen by the user, according
to (8) or (9).

Second, for small significance level v € (0,1), we sug-
gest to construct the approximate (1 — )-confidence in-
terval for p,. For that we suggest to construct t-statistic
with approximate ¢, Student’s ¢ distribution

X — Mz approx X — Kz approx
=TT ORIy resp.  t= ——E PRIy
Ox Ox

where the degrees of freedom are approximated by the
Satterthwaite’s approximation, see [8]. In the case of ML
method

U = nm,
see [6]. In the case of EIV approach

26 4

oo 200

w11

where wi; is element of the matrix W given in (7).
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This leads to the approximate (1 — ~)-confidence in-
terval for unobservable value pi,:

Ha € (T — Gats(l —7/2), 2+ Guts(1 — 7/2)) = (fat, fwu)
resp.
pa € (w0 — Gzt (1 —v/2), 0 + G2t5(1 —v/2)) = (flat, flan),

ty(1 —/2) is the (1 — /2)-quantile of Student’s ¢ distri-
bution with v degrees of freedom.

The suggested interval estimator for v, is given as the
intersection of the bounds of the Scheffé-type (1 — «)-
confidence region for the whole calibration line a + bu
and the limits of the (1 — 7)-confidence interval for .,
and is given as (Uy, Uyy) (ML method) or (Dy, Uye) (EIV
method). In fact,
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for the EIV based approach. Using Bonferroni’s inequal-
ity, the intervals (10) and (11) are (approximative) at least
(I — a — 7y)-confidence intervals for the (unobservable)
value v,. Preliminary simulation study indicated that the
suggested confidence intervals are conservative, i.e. “safe”
and appropriate for metrological applications.

3.3 Example

In order to illustrate numerically the suggested methods
for multiple-use linear calibration case, we have generated
a set of artificial calibration data — a possible outcome of
simple linear calibration experiment with replicated mea-
surements, see Table 1.

Based on the calibration data from the considered
experiment we get the estimated values of the model
parameters:

— Based on the MLE method we get a = 0.7405, b =
1.4522, 62 = 0.1091, &5 = 0.0038, iz = 0.8938,
flo = 2.9491, i3 = 5.0120, fiy = 7.0903, fi5 = 9.1047,
and v = 15.
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Table 1. Example data from comparative linear calibration
experiment. The values z;j, 7 = 1,...n, 7 = 1,...,m, repre-
sent m-times (m = 3) replicated measurements of n measur-
ands (n = 5) with true values p; = (v; — a)/b measured in
units of the less precise measurement device. The values y;j;,
i=1,...n, j = 1,...,m, are the measurements of the mea-
surands with their true values v; = a + bu;, measured in units
of the more precise measurement device. Here, the true (unob-
servable) values of the model parameters are a = 0.5, b = 1.5,
p =1, pu2 =3, us =5, pa = 7, and us = 9, and v; = 2,
vo =5, v3 =8, vy = 11, and v5 = 14. The observed values z;;
and y;; are realizations of mutually independent random vari-
ables X;; ~ N(ui,02) and Yi; ~ N(vi,0L), respectively, with
the true variances 05 = 0.15 and 05 = 0.01.

1o Tl Ti2 Tiz Vi Yi1 Yi2 Yi3

1 1 0.6086 0.7507 1.0000 2 2.0896 2.0569 1.9766
2 3 3.2380 3.1473 2.8769 5 5.0731 4.9744 5.0118
3 5 5.1966 4.6092 5.4241 8 8.0578 7.9623 8.0315
4 7 7.6555 6.9924 6.2742 11 11.0040 10.9704 11.1444
5 9 9.2290 8.9813 9.1658 14 14.0677 13.8525 13.9649

For chosen a = 0.01, the (1 — a)-quantile of -
distribution with 2 degrees of freedom is x3(1 — a) =
9.2103. For chosen v = 0.05, the (1 — 7/2)-quantile
of t-distribution with ¢ degrees of freedom is t5(1 —
v/2) = 2.1314.

— Based on the EIV approach (linearized EIV model with
application of the Kenward-Roger method for estima-
tion of the model parameters) we get a = 0.7405,
b = 1.4522, 62 = 0.1264, 62 = 0.0057, i1 = 0.8933,
fis = 2.9497, [i3 = 5.0123, jis = 7.0897, ji5 = 9.1048,
and u = 13.4244. The element wy; of the matrix W
is wy; = 0.0025, and from that we get v = 12.8762.
For chosen o« = 0.01, the (1 — «a)-quantile of F-
distribution with 2 and u degrees of freedom is F5 ,, (1—
a) = 6.6178. For chosen v = 0.05, the (1 — v/2)-
quantile of t-distribution with ¢ degrees of freedom
is to(1 — /2) = 2.1625.

After calibration, the less precise device can be used
(multiple-times) for estimation of the true value of mea-
surand v, together with its (approximate) confidence in-
terval, based on observed value x, which is considered to
be a realization of random variable X ~ N (., 02).
Consider measurement of the measurand whose true
(unobservable) value in units of the more precise de-
vice is v, = 11.75. For estimation of the value v, we
can use only the less precise device (in possibly differ-
ent units). For example, here we have generated mea-
surement z = 7.1097 as a realization of X ~ N(ug,02)
with g, = (11.75—0.5)/1.5 = 7.5 and o2 = 0.15. For cho-
sen o = 0.01 and v = 0.05 we get the following confidence

intervals for the true value v,:

the MLE method for estima-
tion of the model parameters from (10) we
get (U, Vpw) = (9.6223,12.6138) as an approx-
imate, at least 94%, confidence interval for the
(unobservable) value v, = 0.5+ 1.5 x 7.5 = 11.75.

— Based omn
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Calibration line and its Scheffé—type 99% confidence region
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Fig. 1. Calibration line and its Scheffé-type confidence re-
gion constructed by the EIV approach. The thick dotted line
represents the true calibration line, the solid line is the es-
timated calibration line together with the limits of the 99%
confidence region (dashed-dotted lines). The dashed lines rep-
resent the Scheffé-type interval estimator for v, = a + bug,
where pu; = 7.5, based on x = 7.1097, the realization of ran-
dom variable X ~ N(7.5,0.15).

— Based on the EIV model and the Kenward-Roger
method for estimation of the model parameters
from (11) we get (Dy1, V) = (9.4096, 12.8699) as an
approximate, at least 94%, confidence interval for the
(unobservable) value v, = 0.5+ 1.5 x 7.5 =11.75.

Figure 1 illustrates construction of the approximate 94%-
confidence interval for the (unobservable) value v, = 11.75
based on the observed value x = 7.1097 by the EIV ap-
proach. In Figure 2 are plotted the bounds of the approx-
imate MLE and EIV 94%-confidence regions for v, see
equations (10) and (11), for arbitrary observation x.

4 Discussion

As expected, the confidence interval for the true value of
measurand, by using the calibrated measuring device and
obtained via the EIV method, is in the considered exam-
ple wider than the confidence interval obtained via the
ML method. The EIV method with the Kenward-Roger
approximation is suitable for small sample case (as it was
suggested), while the ML method is based on asymptotic
theory, i.e. is suitable for large samples. But this phe-
nomenon still needs further statistical investigations, as
well as the study of the statistical properties of suggested
estimators with regard to true values of the calibration
model parameters.
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Fig. 2. Estimated calibration line and the approximate MLE
and EIV confidence bounds for v,. The solid line is the esti-
mated calibration line. The dashed-dotted lines represent the
interval estimator for v, = a + bu, based on the MLE method
and the dashed lines represent the interval estimator for v, =
a + bu, based on the EIV method. Here x = 7.1097 is the re-
alization of random variable X ~ N(7.5,0.15). Based on the
MLE method, see (10), we get (Ui, Vzu) = (9.6223,12.6138).
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