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Abstract. In this paper, we deal with statistical modeling and a related case study for reliability when multiple
failure causes are present. At first, we present in detail twomain approaches for competing risk modeling, e.g. the
Cox Proportional Hazards model, and the Fine & Gray model. In both models, we consider the inclusion of
random effects, a no-trivial issue in this context, especially from the practical point of view. Following, we deal
with advanced statistical models to compare the causes of failure, providing extremely useful information for
production managers. To perform a useful study for practitioners, statistical modeling is illustrated through an
empirical example related to ultrasound probes for medical imaging. The main theory is briefly presented
comprehensively, while particular emphasis is given to data structure for model estimation and interpretation of
the results, highlighting methodological comparisons and practical differences. Details related to two statistical
software are also provided. Furthermore, reliability modeling could be efficiently applied by practitioners and
engineers to solve similar technical problems.
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1 Introduction

Nowadays, statistics is crucial for the technological and
engineering fields. Through implementing methods and
modeling, statistical responses are fundamental for sup-
porting management throughout the decisional steps. In
this way, using statistics in these fields requires: i) a good
knowledge of the engineering issues and aspects and ii) an
adequate knowledge of statistical methods. These latter
two key points imply a deep and open interdisciplinary
perspective from both points of view: statisticians and
engineers.

In this paper, we focus on the application of specific
statistical models for reliability, and we attempt to give
some useful guidelines for practitioners. To this end,
reliability modeling is illustrated through a real case study
based on a simulated data-set starting from real data.
Furthermore, it aims to provide a practical guide for
analyzing similar technological problems in the reliability
field. The contribution is further discussed with the
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engineers involved in the real production process, and
the results are illustrated in detail by considering the
statistical meanings (and interpretations) of the estimated
models and coefficients as well as the technical implica-
tions. Moreover, the specific parametrization for each
applied model is carefully illustrated.

When considering failures and the type (cause) of
failures, the statistical models can be divided into two
distinct parts: i) the competing risks models, where each
type of failure is modeled separately; ii) the Weibull
models, where the causes of failure are treated through a
covariate in order to evaluate the risk of one cause of failure
with respect to another one (within the same type of
ultrasound probe).

Furthermore, two dedicated software are applied and
compared when possible: R for Statistical Computing [1],
package coxme [2], and SAS (Statistical Analysis System,
Windows Platform, Version 9.4), procedures LIFEREG
and PHREG.

The real case-study is focused on the reliability of
ultrasound probes (USPs) for medical imaging. More
specifically, two different types of USPs are studied: probe-
a and probe-b. The USPs may fail due to four causes of
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failure, described in detail in Section 2.2. The twomodeling
approaches are as follows. First, we consider the two main
competing risks models, that is, the Cox Proportional
Hazards (PH) model [3] and the Fine & Gray model [4],
with the inclusion of random effects. Secondly,Weibull and
Cox’s statistical models are estimated for each USP type,
where the cause of failure, at four levels, is included as a
covariate.

It must be noted that in both situations, e.g. competing
risks and comparison between cause of failures, the Cox PH
model is applied. Nevertheless, in Section 3 the standard
(classical) Cox PH model is adjusted to treat competing
risks when the cause-specific hazard function is modeled.

Satisfactory results are obtained by applying both
approaches by also considering the different information
they provide in relation to specific technical aims.

In what follows the organization of the manuscript,
with a short summary of contents:

–
 In Subsection 2.1 we report a brief literature review and
technical details on USPs; in Subsection 2.2 we describe
in detail the data we are dealing with the two USP types,
including the specific simulated random effects, and the
four causes of failure.
–
 In Section 3, we report the main theory and the model
results. More specifically, Subsection 3.1 includes the
definition and a detailed description of the main
reliability functions. Moreover, the key concept of
censoring is explained and illustrated through examples.
In addition, the two main competing risk models are
described. The main reliability functions (cumulative
and probability density functions, survival and hazard
functions) are schematically reported.
–
 In Subsection 3.3 the competing risks model results are
illustrated for the USPs in detail. An illustration of the
dataset arrangement to apply these models is also
included.
–
 In Subsection 4, the Weibull and the Cox PH models to
evaluate the risk of one cause of failure to another one are
illustrated. Model results and HRs are reported;
moreover, HRs are shown in detail by specifically
considering different distributions for the survival time,
e.g. Weibull and Exponential ones.

Discussion and final remarks end the manuscript.

2 The ultrasound probes: technical details
and data description

In Section 2.1, a brief description of the USPs is given
through a panoramic view into the recent specific
literature; moreover, Section 2.2 contains a detailed
description of real as well as simulated data.
2.1 Technical details on USPs and related literature

Ultrasound diagnostic technology has increasingly become
important in imaging and image-guided interventional
procedures by using the USPs. These latter transmit waves
and receive ultrasonic echoes reflected from the patient
tissue, and they convert the received pulses into electrical
signals, that are processed to generate a diagnostic image
[5]. In Figure 1 a general scheme of a USP considering the
main parts is shown.

The general structure of the USPs is characterized by
piezoelectric array elements that are the source and the
receiver for ultrasound waves. The structure also includes
the backing, that provides the mechanical support for the
piezoelectric material as well as the mitigation of acoustic
noise effects. The acoustic matching layer improves the
transfer of energy to the lens. This latter focuses on
the ultrasound beam, and it is in direct contact with the
patient [6]. The electrical interconnections play a crucial
role by considering the direct connection between the probe
and the ultrasound system, through the interconnections
board and the signal cable. The plastic-based housings that
contain the ultrasound transducer separates the internal
electronics from the outside: their shape and the sealing of
each other are fundamental for the safety of the patient and
for the probe’s reliability over time.

Ad hoc electroacoustic tests provide measurements and
qualitative tests to recognize if the USPs are damaged and
worn out. Failures are categorized as minor or major faults
that are mainly classified as lens damage, image reverber-
ation, and low uniformity, physical damage of the USPs [7].
Furthermore, the influence of bonding delaminations in
ultrasound transducer can lead to the deterioration of the
electroacoustic performance due to the loss of adhesion
among some constitutive elements, such as the active
element, the backing, or the matching layers [8].

It is relevant to note that, in general, all transducers
must be cleaned and disinfected after each use. Cleaning is
an important procedure that must be performed before
disinfecting the transducer. Using an inappropriate
disinfectant can damage the transducer. In fact, the
manual for each probe lists compatible disinfectants; the
use of a disinfectant not present within the list can cause
damage to the USP structure.

Probe life may last longer if you remove the gel and
cover it immediately after probe use since it prevents lens
discoloration. Moreover, tissues/kerchiefs that prevent
lens wear are usually recommended to remove the gel.
Using a probe in an environment outside of specifications
can lead to discoloration of some components, such as the
cable; nevertheless, the color change does not affect the
probe’s performance or use.

The majority of probe faults can be detected by visual
inspection and in-air reverberation assessment, due to the
array damages, cable faults and loss of the electrical
capacitance of one or several elements [9]. The latter
negatively affects the accuracy of the image quality and the
Doppler-derived diagnostic information [10]. In-air rever-
beration images-basedmethodology is used in [11] to detect
failures in linear and curvilinear ultrasound transducers. In
[12] a method for automatic detection of faulty linear array
ultrasound transducers, based on the uniformity assess-
ment of clinical images is discussed. In [13] the study, based
on the Failure Mode Effect and Criticality Analysis
(FMECA) classifies the impact of the probe failures on
medical diagnoses from no impact to inability to carry out
diagnostic work, by considering themaintenance efficiency,
the costs, and the related risks.



Fig. 1. A scheme of a generic USP: an ultrasound transducer inside the housing.
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In [14] the acceptance testing is aimed to confirm that
ultrasound equipment works according to the manufac-
turer’s specifications and it also provides a reference
baseline to test that the equipment performance remains
constant over time.

2.2 Data description

The application of statistical modeling for reliability is
illustrated through a case study based on real data on USPs
for medical imaging produced by an international
Company in the biomedical sector. A data-set is then
simulated on the basis of real data on USPs by reproducing
themain characteristics of starting data, and also including
fixed and random variables.

In what follows the simulated data-set, reproducing the
main characteristics of the real data, is described. The real
USPs are sold between 1st January 2021 and 31st March
2022; the main differentiation is the USP type (G): probe-a
(ga) or probe-b (gb). Probe-a has a flat array and
appearance, with a specific application in musculoskeletal
medical diagnosis. Probe-b has a curved linear array that
allows for a wide field of view and is used for abdominal and
obstetrics applications. Moreover, the internal parts of the
linear US probe have lower thickness relating to a convex
USP. More specifically, the layers of the multi-layer
structure of the linear USPs are thinner, and therefore, the
failure occurrence can be higher. For example, the lens in a
linear USP is thin, and consequently, it can bemore subject
to failure with respect to the lens of the convex one.
Furthermore, the different uses of the linear USP, e.g. for
musculoskeletal medical diagnosis, imply that this USP is
influenced by major pressure and a greater rubbing
distance when performing the echo-imaging test
(https://www.esaote.com/).
The duration in days (T) is available for each probe.
Furthermore, and considering the USP lifetime in use,
the number of ultrasonic probes that are the subject of
notifications, e.g. subject to a failure, is analyzed and
verified monthly. The temporary window, considering
the standard warranty, is 2 yr (the period/date starting
from when the probe is sold to when the firm receives the
notification). In contrast, it is not considered the duty
cycle or the number of examinations. The worst case at
the operation level is evaluated, more specifically, about
15 daily sessions six days a week. Each session is
supposed to be about 15min, but it can vary from
patient to patient. Defining a more precise operating
perimeter is complex because there are several factors,
such as physician handling, use in Doppler mode (higher
severity for a probe because it gets hot) or not, etc.
Probe life can last longer if the recommended disinfec-
tion manual is followed to prevent lens discoloration
and wear and tear.

Moreover, if a probe does not experience any failure
within the period of observation, the duration is censored
at 455 days. Otherwise, the cause of failure (C) is recorded
as one among the four following causes:

–
 array or contact (c1),

–
 imaging, lens or dark zone (c2),

–
 cable, system, safety or interference (c3),

–
 plastics, no information or unknown (c4).

Moreover, we considered two random variables, defined
as follows:

–
 the degree of process improvement (W) random variable,
describing the occurrence of interventions towards a
continuous improvement that is interventions aiming at
optimizing the product in reliability, following the well-
known idea of ongoing efforts for achieving high level of

https://www.esaote.com/


Table 1. Description of variables contained in the simulated data-set.

Variable Description

G USP type: ga (probe-a), gb (probe-b).
T Time to failure: number of days.
C Cause of failure: c0 (no failure), c1 (array or contact),

c2 (imaging, lens or dark zone), c3 (cable, system, safety or interference),
c4 (plastics, no information or unknown).

W Degree of process improvement: w0 (absent), w1 (present).
Z Degree of process deterioration: z0 (absent), z1 (present).
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quality and reliability product performances. The
random variable W assumes two possible values: absent
(w0) and present (w1);
–
 the degree of process deterioration (Z) random variable,
describing the occurrence of accidental conditions like noise
and technical issues that may increase the failure rate; it
assumes two possible values: absent (z0) and present (z1).

The random variables Z and W are conceived to
represent several degrees of improvement and deterioration
for the current state of the process. They are simulated with
just two values (absence and presence), leading to four
possible situations: both improvement and deterioration
are absent (W=w0 and Z= z0), improvement is present
without deterioration (W=w1 and Z= z0), deterioration is
present without improvement (W=w0 and Z= z1), both
improvement and deterioration are present (W=w1 and
Z= z1). The simulated data-set was built based on the
following procedure:

–
 8308 probes are simulated; this amount of probes is equal
to the total number of sold probes, for both USP types, in
the observed period;
–
 for each simulatedprobe, the randomvariablesW andZ are
randomly assigned following a uniform distribution across
the four situations (w0,z0), (w0,z1), (w1,z0), and (w1,z1);
–
 for each probe, the duration (in days) is simulated based
on pre-specified failure rates for each quarter of the
considered period. These failure rates depend on USP
type, cause of failure, absence/presence of the process
improvement (W) and absence/presence of the process
deterioration (Z). In particular, failure rates were set
equal to actual ones in the absence of both improvement
and deterioration (W=0 and Z=0), lower than actual
ones in the presence of improvement (W=1) and higher
than actual ones in the presence of deterioration (Z=1);
–
 for each probe showing a duration greater than or equal
to 455 days, the duration is censored at 455 days.

Table 1 provides the data-set description. In addition, a
screenshot of ten randomly chosen records from the data-
set is displayed in Figure 2 to illustrate the data structure
and input accordingly.

3 Main theory and results

This Section is organized as follows: in Subsection 3.1 and
3.2 the basic theory on censoring, competing risk concepts
and random effects are reported [3,4,15], while the
corresponding model results are shown in Subsection 3.3.
3.1 Censoring types and basic functions in reliability

Let us start by defining some basic functions when dealing
with reliability data. Let T be a continuous random
variable describing the time to failure for a statistical unit.
The probability distribution of T can be characterized by
the following four main functions: the cumulative distri-
bution function F(t), the probability density function f(t),
the survival function S(t) (also called the reliability
function), and the hazard function h(t). These main
functions are defined as follows.

–
 Cumulative distribution function F(t): the proba-
bility to fail before time t:

F tð Þ ¼ P T � tð Þ:

–
 Probability density function f(t): the rate of failure at
time t:

f tð Þ ¼ d

dt
F tð Þ:
–
 Survival function S(t): the probability to survive up to
time t:

S tð Þ ¼ PðT > tÞ ¼ 1� F tð Þ:

–
 Hazard function h(t): the rate of failure at a time t,
given survival up to time t:

h tð Þ ¼ lim
Dt!0

Pðt < T � tþDtjT > tÞ
Dt

¼ f tð Þ
1� F tð Þ

¼ f tð Þ
S tð Þ :

A key-point in the reliability context is related to the
type of censoring. The first type is the right censoring
(Type I, Type II, and random), which is the most common
one. It occurs when a statistical unit leaves the study before
an event of interest occurs, or when the study ends before
the occurrence of the event. Let Ti and C�

i be the survival
time and the censoring time for unit i (i=1,…,n)
respectively. For each i-th unit, we observe ti; d

�
i

� �
where

ti ¼ min Ti;C
�
i

� �
, while d�i is defined as follows:

d�i ¼
1 if Ti � C�

i

0 if Ti > C�
i
:

�



Fig. 2. Data structure and input: ten randomly selected records from the simulated data-set.
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More specifically, if d�i ¼ 0, then the time to failure is
censored, instead if d�i ¼ 1 then the time to failure is
completely known, e.g. no censoring occurs. Obviously,
Type I right censoring occurs when the study ends at a
predetermined period. At the end of this fixed period,
statistical units which do not experience the event of
interest are censored. Therefore, the number of censored
cases is random, while the censoring time is fixed. In Type
II right censoring, the study ends when a fixed number of
events of interest occur. Therefore, with this type of
censoring, the censoring times are random, while the
number of censored cases is fixed. In the USPs case study,
we are dealing with Type I right censored data. The USPs
refer to the period January 1st 2021- March 31st 2022;
therefore, those that do not experience any failure are
censored. For further details on right censoring and left
and interval types of censoring, refer to [15,16].
3.2 Outlined theory on competing risk models with
random effects

Competing risks take place in studies in which a statistical
unit (product/component) may experience several failure
events (not a single failure). The main assumption in
competing risks setting is that the causes of failure are
mutually exclusive, e.g. the failure by one cause precludes
the occurrence of any other failure. Therefore, we could say
that in the competing risk case, a statistical unit may
experience only one cause of failure among a set of potential
ones. Two main modeling approaches exist to deal with
competing risks: the cause-specific hazard regression
model, and the subdistribution hazard regression model.
In the former, the Cox PHmodel [3] is opportunely adapted
to study the cause-specific hazard function; that is, for a
given event of interest, the Cox PH model is estimated,
treating the remaining competing events as censored
observations. The latter, developed by [4], takes the
subdistribution hazard function into account. It denotes
the instantaneous rate of failure due to a specific cause for
those statistical units that do not experience failure or drop
the study for other motivations.

The cause-specific hazard function hk(t) represents the
instantaneous rate of failure due to the k-th cause
conditioned to the survival until time t, and it is defined
as follows:

hk tð Þ ¼ lim
Dt!0

Pðt < T < tþDt;C ¼ ckjT > tÞ
Dt

: ð1Þ
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Therefore, the standard Cox PH model for competing-
risks data is defined as follows:

hk tð Þ ¼ h0k tð Þ⋅exp Xbð Þk ¼ 1; 2; 3; 4 ð2Þ
where h0k(t) is the unspecified baseline hazard function for
cause ck, X is the model matrix of covariates, and b is the
corresponding vector of unknown coefficients. Therefore, a
separate Cox PH model should be estimated for each k-th
cause. A fundamental assumption of model (2) is the
proportional hazard, e.g. the hazard ratio of any covariate is
hypothesizedconstantover time [16].Tothis end, it is crucial
to always check this assumption by using graphical and
numericalmethods [15,16]. Lastly, itmust also be noted that
in the Cox model, formula (2), the causes of failure are
assumed to be independent. In the case study, this
assumption implies, for example, a probe that failed due
to an array fault (c1) has the same chance of failing due to an
imaging fault (c2) as any other probe that experiences no
failure.

The secondmodeling approach for competing risks data
is related to the sub-distribution hazard regression model,
also known as the Fine & Gray model [4]. In this case,
the sub-distribution hazard function lk(t) represents the
instantaneous rate of failure due to the k-th cause
conditioned to either (i) survival until time t, or (ii) failure
before time t due to other causes, and it is defined as follows:

lk tð Þ ¼ lim
Dt!0

P ½t< T < tþDt;C ¼ ckjT > t∪ðT < t∩C≠ckÞ�
Dt

ð3Þ
The Fine & Gray model with competing risks is

expressed as the following:

lk tð Þ ¼ l0k tð Þ⋅exp Xbð Þk ¼ 1; 2; 3; 4: ð4Þ
where l0k(t) is the unspecified baseline sub-distribution
hazard function for cause ck, X is the model matrix of
covariates, and b is the corresponding vector of unknown
coefficients. Therefore, differently from model (2), model
(4) imposes the proportional hazard assumption on the
sub-distribution hazard function. Moreover, it must be
noted that the assumption of independent causes of failure
is relaxed by model (4), [4]. In fact, they are equal to the log
sub-distribution hazard function, instead of the log hazard
function, for each cause of failure.

An important key point is including random effects in
this field, also named frailties [17,18]. In the beginning, the
term frailty has been introduced since the 70s to account for
unobserved heterogeneity of survival data, [19]. The frailty
term is generally modeled through an unobserved random
effect that multiplicatively affects the hazard function.
Such random effects, in general, are used to account for
unobserved individual heterogeneity, correlation in clus-
tered data, or for recurrent events, and to also explain
issues related to lack of fit for example violations of the
proportional hazard assumption [17,18,20]. In general, we
may assume different distributions for the frailty term.
More specifically, we may consider: i) the Laplace
transform, ii) the infinitely divisible distributions, as the
Gamma, the inverse Gaussian, and the compound Poisson
distributions, and iii) the Log-Normal distribution. In
general, the choice of the frailty distribution is made by
convenience. Balan and Putter [20] discuss in detail all the
issues related to the choice of the frailty distribution, also
reporting some useful practical considerations, primarily
related to the Gamma and the Log-Normal distributions.
More specifically, the Gamma distribution is the simplest
and most widely used in this field; moreover, regardless of
the frailty distribution at the baseline, it is also the limiting
distribution of the frailty of long-time survivors [21].
However, as also discussed by Ripatti and Palmgren [22],
the Gamma distribution may run into computational
difficulties, especially when more complicated dependence
frailty structures are assumed. To this end, the Log-Normal
distribution is the most commonly assumed one, also
considering that it involves an additive random effect on
the same scale of the covariates [20,22,23].

Both models (2) and (4) can be extended to account for
random effects. More specifically, the competing risks Cox
PH model, including random effects, is defined as follows:

hk tð Þ ¼ h0k tð Þ⋅exp XbþVzð Þk ¼ 1; 2; 3; 4: ð5Þ
where h0k(t) is the unspecified baseline hazard function for
cause ck, X and V are the model matrices of fixed and
random effects respectively, while b and z are the
corresponding vectors of fixed and random-effect coef-
ficients. Similarly, the competing risks Fine & Gray model
including random effects is expressed as follows:

lk tð Þ ¼ l0k tð Þ⋅exp XbþVzð Þk ¼ 1; 2; 3; 4: ð6Þ
where l0k(t) is the unspecified baseline sub-distribution
hazard function for the cause ck, X and V are the model
matrices of fixed and random effects respectively, while b
and z are the corresponding vectors of fixed and random-
effect coefficients. In general in this field, the random effects
are usually assumed distributed considering three distri-
butions: Gamma, inverse Gaussian or Log-Normal [20]. In
the case study, we assume the Log-Normal distribution
which corresponds to Normally distributed random effects
on the scale of the covariates. The Log-Normal distribution
is a valid and widespread choice, as already discussed in
this section. Moreover, it is relevant to note that, for
identifiability reasons, a finite mean must be assumed for
the frailty distribution [24]; that is, for the Log-Normal
distribution, a mean equal to zero is the most widely used
choice [22,23,25].

In the following subsection 3.3, matrix X contains the
fixed variables C and G, while matrix V contains the
random variables W and Z, Table 1.

3.3 Cox’s and Fine and Gray’s model results

We illustrate the application of the competing risks model
(5) to the simulated data-set. The model assumes that the
log hazard function for each cause of failure ck, k=1,2,3,4,
is proportional to a linear combination of the values of the
covariates. Therefore, the categorical covariates (the USP
type G at fixed levels, the degree of process improvement
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W, and the degree of process deterioration Z) must
preliminarily undergo dummy coding.More precisely, if the
covariate is dichotomous, then the dummy coding
originates a binary variable taking value one if the
covariate takes the reference value and zero otherwise.
For instance, let us consider the USP type (G), which takes
the values ga and gb. If the value ga is chosen as a reference
level, the dummy coding originates a binary variable that
maps the value gb into one and the value ga into zero. In
general, if the covariate is polytomous, the dummy coding
originates one binary variable for each possible value
except the reference one (e.g. the number of dummies must
be equal to the number of degrees of freedom of the
variable). Let us suppose, for example, that a third USP
type gc exists. In this case, two binary variables are created:
the first one maps the value gb into one, and the other two
values (ga and gc) map into zero, while the second one maps
the value gc into one, and the other two values (ga and gb)
map into zero.

In the data-set, all the categorical variables are
dichotomous. Therefore a single dummy variable is
required. For the USP type (G), we choose the probe-a
(ga) as a reference, therefore the dummy coding is
represented by the variable dgb that takes the value one
if the USP type is gb (probe-b), and zero otherwise. Instead,
for the degree of process improvement (W), we choose the
first degree (w0, absence) as a reference, therefore the
dummy coding is represented by the variable dw1

, which
assumes value one if the process improvement is present,
and zero otherwise. Similarly, z0 (absence) is chosen as the
reference value for the degree of process deterioration (Z),
leading to the dummy variable dz1 .

The competing risks Cox PH model applied to the
simulated data-set, formula (5), is formulated assuming
that the risk of failure is affected by:

–
 the USP type (ga and gb), with probe-a selected as a
reference;
–
 the degree of process improvement (w0 and w1), with
different strengths for each USP type (ga and gb);
–
 the degree of process deterioration (z0 and z1), with
different strengths for each USP type (ga and gb).

Given the definition of the categorical variables, in the
model formulation (5) the unknown b coefficients are fixed
and associated with the USP type; the unknown vectors of
random coefficients associated with process improvement
and deterioration are g and d, with corresponding standard
deviations denoted by s and t respectively. All the
reliability models are estimated using the R for Statistical
Computing [1], package coxme [2].

The competing risks Cox PH model including random
effects, specifically for the USP case, is defined as shown in
the following formula (7); the model results are reported in
Table 2.

hk tð Þ ¼ h0k tð Þ⋅exp bk bð Þdgb þ gk að Þdw1
dga þ gk bð Þdw1

dgb

�
þdk að Þdz1dga þ dk bð Þdz1dgbÞ: ð7Þ
gk að Þ
gk bð Þ

� �
∼N

0
0

� �
;

s2
k 0

0 s2
k

� �� �
;

dk að Þ
dk bð Þ

� �
∼N

0
0

� �
;

t2k 0
0 t2k

� �� �
;

where:
–
 hk(t) is the hazard function for each cause ck, k=1,2,3,4;

–
 h0k(t) is the (unspecified) baseline hazard function for
cause ck;
–
 the model terms denoted by letters b, g and d are the
vectors of unknown coefficients representing log HRs;
–
 N( · ) indicates a Normal distribution parameterized
through the expected value and the variance, where s2

k is
the variance for gk(a) and gk(b), while t2k is the variance for
dk(a) and dk(b).

The model results (Tab. 2) allow us to make the
following considerations:

–
 Probe-b shows lower failure rates due to all the causes
(c1, c2, c3, c4) than probe-a, at a constant degree of
process deterioration and process improvement. More
specifically, the estimated HR of the cause c1 is equal to
0.024, therefore the hazard of the cause c1 for probe-b is
(0.024–1)×100= –97.6% more than the one for probe-a,
or equivalently, the hazard of the cause c1 for probe-a is
1/0.024= 41.667 times the one for probe-b. Analogous-
ly, the estimated HR of the cause c2 is equal to 0.559,
therefore the hazard of the cause c2 for probe-a is
(0.559–1)×100= –44.1% than the one for probe-b, or
equivalently, the hazard of the cause c2 for probe-a is
1/0.559=1.789 times the one for probe-b (+178.9%).
When considering the cause c3, the estimated HR is
equal to 0.378, then the hazard of the cause c3 for probe-
a is (0.378–1)×100= –62.2% than the one for probe-b.
The same result also applies for the cause c4, where the
corresponding estimated HR indicates that the risk
of the cause c4 for probe-a is lower ((0.859–1)×100=
–14.1%) than the one for probe-b. In addition, it must be
noted that only the estimated coefficients related to c1 and
c2 are statistically significant. For the c3 cause of failure,
the estimated coefficient, even though not significant, is
relevant,while for the c4 causeof failure, the corresponding
p-value is not relevant but neither negligible.
–
 Process improvement shows a significantly negative
impact on the hazard for the causes c1, c3 and c4 relative
to probe-a (coefficient gj(a) for j=1,3,4), and a negative
impact (with borderline significance) on the hazard for
the cause c3 relative to probe-b (coefficient g3(b)). More
precisely, at a constant degree of process noise, the
presence of process improvement decreases the risk of c1,
c3, and c4 for probe-a by 58.9%, 84.5%, and 33.9%,
respectively. On the other hand, the impact of process
improvement appears higher for probe-b; in fact, the HR
of the cause c3 is equal to 0.042, corresponding to a
decrease of 95.8%. This result suggests that probe-b is



Table 2. Model results by cause of failure and USP types � with random effects (formula (7)).

Cause of failure c1 Estimate SE p-value HR

b1(a) 0.0000 – – –

b1(b) –3.7449 1.3078 0.0042 exp(–3.7449) = 0.024
g1(a) –0.8905 0.2520 0.0004 exp(–0.8905) = 0.411
g1(b) –0.3330 0.8330 0.6893 exp(–0.3330) = 0.719
d1(a) 1.4895 0.2996 0.0000 exp(1.4895) = 4.435
d1(b) 0.6290 1.1210 0.5747 exp(0.6290) = 1.876
s2
1 0.8325 – – –

t21 1.7653 – – –

Cause of failure c2 Estimate SE p-value HR

b2(a) 0.0000 – – –

b2(b) –0.5812 0.1977 0.0033 exp(–0.5812) = 0.559
g2(a) –0.1960 0.1162 0.0917 exp(–0.1960) = 0.822
g2(b) –0.0469 0.1433 0.7436 exp(–0.0469) = 0.954
d2(a) 0.3976 0.1350 0.0032 exp(0.3976) = 1.488
d2(b) 0.0222 0.1795 0.9014 exp(0.0222) = 1.022
s2
2 0.0359 – – –

t22 0.0996 – – –

Cause of failure c3 Estimate SE p-value HR

b3(a) 0.0000 – – –

b3(b) –0.9730 0.8306 0.2414 exp(–0.9730) = 0.378
g3(a) –1.8625 0.5933 0.0017 exp(–1.8625) = 0.155
g3(b) –3.1684 1.7152 0.0647 exp(–3.1684) = 0.042
d3(a) 1.3990 0.4829 0.0038 exp(1.3990) = 4.051
d3(b) 1.2654 0.7607 0.0962 exp(1.2654) = 3.545
s2
3 11.9089 – – –

t23 2.0580 – – –

Cause of failure c4 Estimate SE p-value HR

b4(a) 0.0000 – – –

b4(b) –0.1523 0.3437 0.6577 exp(–0.1523) = 0.859
g4(a) –0.4134 0.2056 0.0444 exp(–0.413) = 0.661
g4(b) –0.4003 0.2489 0.1077 exp(–0.4003) = 0.670
d4(a) 1.0576 0.2473 0.0000 exp(1.0576) = 2.880
d4(b) 0.6880 0.2861 0.0162 exp(0.6880) = 1.990
s2
4 0.2195 – – –

t24 0.8522 – – –
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more receptive to process improvement than probe-a.
Moreover, it must be noted that the estimated
coefficients for probe-a are statistically significant for
all the causes of failure. For probe-b, the estimated
coefficients are statistically significant at 10% level for
the cause c3 and almost statistically significant at 10%
level for the cause c4. For causes c1 and c2, the
corresponding p-values are not significant, but neither
are negligible.
–
 Process deterioration shows a relevant impact on the
hazard for all the causes relative to probe-a (coefficient
dj(a) for j=1,2,3,4), and a relevant impact on the hazard
for the cause c4 relative to probe-b (coefficient d4(b)). In
fact, at a constant degree of process improvement, the
presence of process deterioration influences the hazard
for all the causes of failure (c1, c2, c3, and c4) related to
probe-a; the hazard values are respectively 4.4, 1.5, 4.1,
and 2.88 times the baseline situation. On the contrary,
the impact of process noise appears lower for probe-b; in
fact, the HR of cause c4 is 1.990, which is 31% lower than
probe-a’s. This result indicates that the probe-b type is
even more robust to processing noise than probe-a.When
considering the corresponding p-values, it must be noted
that they are statistically significant for probe-a for all
the causes of failure. Lastly, for probe-b, the p-values are
statistically significant at 10% level for the causes c3 and
c4, not significant for the cause c1, and negligible for the
cause c2.

The competing risks Fine & Gray model including
random effects, specifically defined for the USP case, is
defined as follows:

lk tð Þ ¼ l0k tð Þ⋅exp bk bð Þdgb þ gk að Þdw1
dga

�

þgk bð Þdw1
dgb þ dk að Þdz1dga þ dk bð Þdz1dgbÞ; ð8Þ

gk að Þ
gk bð Þ

� �
∼N

0
0

� �
;

s2
k 0

0 s2
k

� �� �

dk að Þ
dk bð Þ

� �
∼N

0
0

� �
;

t2k 0
0 t2k

� �� �
;

where:

–
 l0k(t) is the (unspecified) baseline subdistribution hazard
function;
–
 the vectors of the model coefficients, b, g and d, have the
same meaning as in the Cox PH model;
–
 HR interpretation is equal in bothmodels, nevertheless in
the Fine & Gray model the reference is the subdistri-
bution hazard function lk(t) rather than the hazard
function hk(t). Finally, when considering the p-values
related to the estimated coefficients, the same comments
reported for the Cox PH model also apply for the Fine &
Gray model.
The model results, formula (8), are shown in Table 3.
We note a substantial similarity with the results obtained
through the application of model (7). Therefore, we can
conclude that the assumption of independent causes of
failure, postulated by both models, is confirmed.

4 To compare causes of failure: advanced
modeling

In this Section, we illustrate two further reliability models,
e.g. the Weibull model and the Cox PH model [3,15,16],
that allow for comparing the causes of failure and
evaluating the risk of one cause of failure to another taken
as a reference. At first, we report the basic theory for the
Weibull model in Subsection 4.1. Following, we illustrate
the model results by each USP type (Subt. 4.2). It must be
noted that, differently from the reliability models reported
in Section 3, we do not deal with competing risks through
this modeling approach. Therefore, in this Section, we
pursue a completely different aim than competing risk
modeling. Furthermore, for both models i) a covariate is
included to evaluate the cause of failure; ii) no random
effects are included in this case.

4.1 The basic theory of the Weibull model

The Weibull model belongs to the parametric class of
survival models, in which a particular shape for the hazard
rate is specified according to the assumed distribution for
time. The Weibull model is characterized by one location
parameter a and one shape parameter g. The shape of the
hazard rate is assumed to be monotonic and determined by
the shape parameter g: decreasing when g < 1, increasing
when g > 1, and flat when g =1. In this case, the Weibull
model reduces to the Exponential model [16]. The
cumulative distribution function FW(t) and the probability
density function fW(t) for the Weibull model are defined as
follows:

FW tð Þ ¼ 1� expð�atÞg ;

fW tð Þ ¼ agðatÞg�1expð�atÞg :
Moreover, the survival function SW(t) and the hazard

function hW(t) are the following:

SW tð Þ ¼ expð�atÞg ;

hW tð Þ ¼ gaðatÞg�1:

In a general expression, an Accelerated Failure Time
(AFT) model considers the following relation between the
dependent variable Y= logT and the covariates:

logT ¼ Xbþ e: ð9Þ



Table 3. Model results by cause of failure and USP types � with random effects (formula (8)).

Cause of failure c1 Estimate SE p-value HR

b1(a) 0.0000 – – –

b1(b) –3.7301 1.3009 0.0041 exp(–3.7301) = 0.024
g1(a) –0.8712 0.2516 0.0005 exp(–0.8712) = 0.418
g1(b) –0.3216 0.8198 0.6948 exp(–0.3216) = 0.725
d1(a) 1.4604 0.2992 0.0000 exp(1.4604) = 4.308
d1(b) 0.6131 1.1081 0.5801 exp(0.6131) = 1.846
s2
1 0.8014 – – –

t21 1.7108 – – –

Cause of failure c2 Estimate SE p-value HR

b2(a) 0.0000 – – –

b2(b) –0.5746 0.1950 0.0032 exp(–0.5746) = 0.563
g2(a) –0.1753 0.1126 0.1195 exp(–0.1753) = 0.839
g2(b) –0.0413 0.1367 0.7627 exp(–0.0413) = 0.960
d2(a) 0.3675 0.1332 0.0058 exp(0.3675) = 1.444
d2(b) 0.0172 0.1756 0.9219 exp(0.0172) = 1.017
s2
2 0.0307 – – –

t22 0.0873 – – –

Cause of failure c3 Estimate SE p-value HR

b3(a) 0.0000 – – –

b3(b) –0.9476 0.8244 0.2504 exp(–0.9476) = 0.388
g3(a) –1.8374 0.5932 0.0020 exp(–1.8374) = 0.159
g3(b) –3.1527 1.7064 0.0647 exp(–3.1527) = 0.043
d3(a) 1.3520 0.4812 0.0050 exp(1.3520) = 3.865
d3(b) 1.2428 0.7531 0.0989 exp(1.2428) = 3.465
s2
3 11.7400 – – –

t23 1.9594 – – –

Cause of failure c4 Estimate SE p-value HR

b4(a) 0.0000 – – –

b4(b) –0.1374 0.3432 0.6890 exp(–0.1374) = 0.872
g4(a) –0.3930 0.2043 0.0545 exp(–0.3930) = 0.675
g4(b) –0.3897 0.2464 0.1138 exp(–0.3897) = 0.677
d4(a) 1.0287 0.2469 0.0000 exp(1.0287) = 2.797
d4(b) 0.6833 0.2854 0.0167 exp(0.6833) = 1.980
s2
4 0.2059 – – –

t24 0.8185 – – –
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By considering formula (9), a different reliability model
can be obtained according to the distribution we specify for
the vector of residuals e. For example, if e is assumed to
follow a Normal distribution (which is equivalent to
assuming that time T follows a Lognormal distribution),
the Lognormal AFT model is obtained. Similarly, if e
follows a logistic distribution, the log-logistic AFT is
obtained [16]. For this specific case-study, we decided to
choose the Weibull model, as defined in the following AFT
model specification:

logT ¼ Xbþ se: ð10Þ
In formula (10), the dependent variable is the logarithm

of the survival time vector T, X is the matrix of values for
the covariates, with 1s in the first column; moreover, the
following two distributions are assumed: the Standard
Extreme Value distribution for the error e, and theWeibull
distribution for the survival time T. The Exponential
distribution is another possible choice for the survival time,
equating to the Weibull one when the shape parameter g is
equal to one.

4.2 To compare causes of failure: Weibull’s and Cox’s
model results

In this Subsection, we illustrate the model results obtained
for the USPs to compare the causes of failure. Therefore, we
estimate two models, one for each USP type (probe-a and
probe-b), including the covariate “cause of failure,” at four
levels (the categorical variable C, see Sect. 2.2).

It must be noted that the data-set should be arranged in
an extended format. In Figure 3, we report an example of
the extended data-set for the two USPs (counterfeit data
for privacy). We can observe (Fig. 3) that we have four
column vectors. The first column vector (id) is related to
the identification of each USP. We have four rows for each
USP since we have four causes of failure. The second
column vector is related to the survival time (time in
days). The third column vector is related to the variable
"cause of failure." Finally, the fourth column vector
(fstatus) denotes if a failure occurred (1=yes/0=no); for
instance, the USP identified by id=1 does not experience
any failure, while the USP identified by id=2 breaks down
due to the c2 cause of failure.

The results for the applied Cox PH and the Weibull
models are shown in Tables 4 and 6 respectively. Note that
we omit the subscript for the USP type without any loss of
generality. The applied Cox PH model, and including the
covariate “cause of failure,” is defined as:

logh tð Þ ¼ logh0 tð Þ þ
XK�1

k¼1

bkxk; ð11Þ

where h0(t) is the baseline hazard, while xk is a dummy
variable taking value one if the k–th cause of failure (ck) has
occurred, and zero otherwise. The cause c4 is taken as a
reference level. Therefore, there are three estimated
coefficients k=1,2,3.
To better explain the interpretation of the results in
terms of HRs, in Table 5, we outline through an example
the computation of the HRs estimates for the Cox PH
model (Tab. 6). Therefore, in Tables 4 and 5, and by
considering the reference level c4, we can observe that for
probe-a, the failure risk is extremely high for the failure c2
(132%). Instead, we have lower risks of failure for the
causes c1 and c3 of 9.90% and 69.10% respectively. When
considering probe-b, the pattern is different: i) the failure
risk of c1 with respect to c1 is considerably low (lower than
98%); ii) the failure risk for c1 is 86% approximately lower
with respect to c1; iii) the failure risk for cause c2 is 71.40%
higher. Moreover, all the estimated coefficients for both
USPs are statistically significant, except for the failure c1
(probe-a), with relatively low standard errors.

In what follows, the Weibull model expression,
including the “cause of failure” as a covariate and related
to a single observation, is reported:

logT ¼ b�
0 þ

XK�1

k¼1

b�
kxk þ se: ð12Þ

where s is the dispersion parameter to be estimated, e is the
vector of error term assumed to follow the Standard
Extreme Value distribution, and xk is a dummy variable
taking value one if cause of failure ck has occurred and zero
otherwise. The cause c4 is taken as a reference level,
therefore k=1,2,3.

All the estimation details are illustrated in Table 6.
When considering the estimated HRs for each cause of
failure (reference level c4), the calculated HRs are similar to
those obtained through the Cox PHmodel (Tab. 4) for both
probes, as expected. Therefore, there is a generally
decreasing risk of failure due to the array-contact failure
c1 with respect to plastics-unknown failure c4.

Instead, for the probe-a and theWeibull model, the risk
of failure is 10% lower for the array-contact failure c1 with
respect to the plastics-unknown one; while, when consid-
ering the probe-b, such hazard is 98% lower.

According to the chosen model, e.g. by discriminating
between models (11) and (12), and by considering the
specific parametrization and the distribution assumed for
the time to failure, the computation of the HRs changes. In
what follows, three examples of computation of the HRs are
reported for the Cox PH,Weibull, and Exponential models;
all the numerical examples are related to probe-a and the
cause of failure c1 versus c4.

1. Cox PH model, formula (11):

HRC
k ¼ exp ˆb̂

k

� �
k ¼ 1; 2; 3:

HRC
1 ¼ exp ˆb̂1

� �
¼ exp �0:1040ð Þ ¼ 0:9010:

2. Weibull model, formula (12):

HRW
k ¼ exp

�^̂
b

�
k

ŝ

 !
k ¼ 1; 2; 3:



Fig. 3. An example of an extended data-set for two statistical
units.

12 R. Berni et al.: Int. J. Metrol. Qual. Eng. 15, 19 (2024)
HRW
1 ¼ exp

� ˆb̂
�
1

ŝ

 !
¼ exp � 0:0947

0:9109

� �
¼ 0:9013:

3. Exponential model (formula (12) with s=1/g=1):

HRE
k ¼ exp � ˆb̂k

� �
k ¼ 1; 2; 3:

HRE
1 ¼ exp �^̂b�

1

� �
¼ exp �0:0947ð Þ ¼ 0:9096:

Furthermore, the main differences between the model
results (Tabs. 4 and 6) lie in the estimated intercept and in
specific estimated coefficients like the shape g, or
equivalently s, equal to 1/g. As well known, the Weibull
distribution changes its shape according to the g values
(see [16] for further details). The intercept represents the
baseline situation; in this case-study it corresponds to
the absence of failures; however, it is possible to define the
intercept differently according to the specific situation. For
example, a specific combination of types of products [26].
Furthermore, given the estimated intercept value, the
corresponding HR represents the basic risk in the absence
of the specific considered failure. For both USP types, it is
equal to 2e-5. The last remark is related to the estimated
values of s and g. The estimated parameter ĝ is higher than
one; this implies an increasing rate of failures with time,
while the shape parameter ŝ is just a little lower than one.
Therefore, the Weibull distribution, in this case, is very
close to the Exponential one for both probes.

The statistical results shown in this Section are
obtained by applying the LIFEREG and the PHREG
procedures of the SAS software (version 9.4, Windows
Platform). The LIFEREG procedure is used for the
Weibull model estimation, while the PHREG for the
Cox PH model. In general, the LIFEREG procedure
supports also left and interval censoring, while the PHREG
procedure supports right censoring only, (see [16] for
further comparative details). When considering the
inclusion of random effects, the PHREG procedure allows
for including only one random effect. This is not permitted
in the LIFEREGprocedure. However, for the application of
several complex reliability models involving random
effects, with different time distributions and different
parametrizations, as well as several technical character-
izations of the intercept term, the NLMIXED procedure
could be particularly suitable [26]. Nevertheless, it must be
noted that the NLMIXED procedure requires the compu-
tation of the likelihood function of the corresponding
reliability model; for further details, refer to [16].
5 Discussion and final remarks

This paper focused on reliability statistical models in case of
multiple causes of failures, evaluating several aims related to
the modeling features. In particular, two distinct issues are
faced: i) the differentiation between kinds of models, e.g.
competing risks models and models for comparing causes of
failure, by considering theoretical issues, also illustrated
through a case-study onUSPs ; ii) within each approach, the
specificparametrizationandtheHRscomputation,aswell as
the model choice and interpretation are explored by
highlighting empirical features.

The two different reliability modeling approaches
illustrated in this manuscript are very suitable for
companies in real production contexts, also allowing to
treat fixed as well as random effects. In fact, random effects
are particularly relevant because they can strongly affect
the products’ lifetime (for example, noises, and improve-
ments). When considering competing risks models with
random effects, the results obtained through the Cox PH
and the Fine & Gray models are satisfactory. More
precisely, the results show that probe-a has a better
performance with respect to probe-b for all causes of
failure. As to random effects, the presence of noises
increases the risk of failure for probe-a by a higher amount
compared to probe-b for all causes of failure. Furthermore,
the presence of improvements decreases the rate of failure
for probe-a by a higher amount compared to probe-b for
causes c1 and c2, while the opposite holds for cause c3
Considering cause c4, the risk reduction due to the presence
of improvements does not differ for the two probes. When
considering the Weibull and the Cox models for failure
evaluation separately for each probe, the results are very
satisfactory. Differently from the Cox model, in the
Weibull model the baseline coefficients can be estimated
and they are steady for both US probes. The failure risk due
to cause c2 is higher, while the failure risks due to causes c1
and c3 are lower, with c4 as the reference level.

Nevertheless, further developments could be achieved
through future researches aiming to improve data
information, involving additional variables on ultrasonic
probes in actual use, and also analyzing and comparing
these model results with other reliability statistical models,
in order to evaluate the accuracy of prediction, and the
explanatory capability.



Table 4. Estimates and HRs by USP types for model (11).

Probe-a Probe-b
Coef. Estimate Std.Err. p-value HR Estimate Std.Err. p-value HR

b1 –0.1040 0.1614 0.5192 0.9010 –3.8918 1.0102 0.0001 0.0200
b2 0.8420 0.1329 <0.0001 2.3210 0.5390 0.1798 0.0027 1.7140
b3 –1.1750 0.2288 <0.0001 0.3090 –1.9459 0.4041 <0.0001 0.1430
b4 0 – – 1 0 – – 1

Table 5. Interpretation of the HRs for model (11), by USP types.

Probe-a
HR estimate HR interpretation

0.9010 (0.9010–1) � 100 = �9.90%
! the risk of c1 failure versus c4 failure is �9.90% lower

2.3210 (2.3210–1) � 100 = 132%
! the risk of c2 failure versus c4 failure is 132% higher

0.3090 (0.3090–1) � 100 = �69.10%
! the risk of c3 failure versus c4 failure is �69.10% lower

Probe-b
HR estimate HR interpretation

0.0200 (0.0200) � 100 = �98.00%
! the risk of c1 failure versus c4 failure is �98% lower

1.7140 (1.7140–1) � 100 = 71.40%
! the risk of c2 failure versus c4 failure is 71.40% higher

0.1430 (0.1430–1) � 100 = �85.70%
! the risk of c3 failure versus c4 failure is �85.70% lower

Table 6. Estimates and HRs by USP types for model (12)1.

Probe-a Probe-b
Coef. Estimate Std.Err. p-value HR Estimate Std.Err. p-value HR

b0 9.7148 0.2123 <0.0001 2e-5 10.2025 0.3680 <0.0001 2e-5
b�
1 0.0947 0.1471 0.5196 0.9013 3.6383 0.9924 0.0002 0.0204

b�
2 –0.7670 0.1274 <0.0001 2.3211 –0.5039 0.1733 0.0036 1.7143

b�
3 1.0709 0.2156 <0.0001 0.3086 1.8192 0.4074 <0.0001 0.1429

b�
4 0 – – 1 0 – – 1

s 0.9109 0.0470 – – 0.9349 0.0784 – –

g 1.0978 0.0567 – – 1.0697 0.0897 – –

1 It must be noted that, according to the usual and consolidated notation for theWeibull distribution, the used symbols s and g have a
different meaning in comparison with that reported in Section 3.3.
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